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Basis  Functions — Unmivergal Approximation 9

The fv(/awin] 74«.5:24): radial lbasis Function network
satisfies the  Stone — Welerstrass  thecrem and is,
therefore, capable of universal aﬁorbxiuqtion, (on compact. dsauin, D).
X
-Q'!s‘."?(o'l
Fe 3EH) = 2 ow ry ¥, pI=e 7 ’

jzl 4

where w; € R (real #4)
+ .
ay € Z Curl:esersz 2 o)

Xoj € @ (rational numbers) 3

LY w”r
ﬁ: To s«-&is?, Stone - Wererstrmass we must e

the follo w‘mg. reguirem ents:

.'DM.D&WW&f/V

Aemencionae .

(We ,‘.'PQC;'FI‘?-A that D g compact and
X has N dimensions. So this reguiremert
is  satisfied.)

* F s o4 et of tonlinwords aal- onbieol
> o D
() € & s always a sSam of jqussians
which are conbinuous and real-yalued on D.
Thus, f(X) s ontinuous and real-valued on D.
So this reguirement s satisfied.)

© The cenctant funelioe FCR)=1 ivan &
( To cereate this F(X) Llet Mel and

W,q’: ) Viapmessgu®
a, = lo} W
)(o‘ = -8. -0 ,4~_. ¥
Then  F(R) = ~e{).‘ 51 = e.°= i

for al X, Se F(R)=1 s i 3')




Radial - Basis  Functions — Universal Approximation (zect.) 10
T Gt
13 Apr MI%.
‘anmwza&)—(}x}o@m
da an Foaem F aweh Hat £ £(3).
( Gwen X, and Xz we create the r'egu'lrul
FCRY by chossing a4 center point guch
that X, and X, Llie at different distances
From the center pont. For emample, in me
dimension we might have e Fllowing

pieture: A $0x)
N : > % F(xe)

——t—
tovker Xy Xe
pont

Clearly , we ¢an always Find suth a
center point. wWe let HR) asist of
this  Single 5qusslan bamp. So the
rt\bu)rmen'ﬁ 13 Saki.ﬁ-h.o\ . )

. 462 F oand q ate any e fanslome m #
Hen. af + bg <0 in F fn any Zuwo real
numbere. a and b.

( We show this directly by Summing Fand g
and showing that the jresualt can be written
as a third gaussian radial tasi’s Function net

in &
M,
Gwen F= %) = Z w; r-j(iﬂ
Jéz
9= 9(X = = wm 5, (%)
M, M2
af+by = 2 aw r;(X) + Z b 1, (F)
j:l J ewt k h
. “0*"1 (-‘ - )
= A
vl R A
-— = &
\ where Wy = q“ﬁ'w@ and e = Tp for LEM,
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We see that a-P-\-bﬁ =§‘. erL(?) is a
x|

gaussian radial basis function netwark in &,
Thus, +the addition and smlmj re?u,maft

is  sqtisFied.)
adle:  When we said Wy =aw.,, we used the

Condition HYab w, can be aty real mumber.
If we fad sid  w imlues are irteyers we
Sould  have aw; # integer since a’ ray

be any real number. In that case Wp
would Aot be an '/’néejer and  onr pews petwark
wouldd net  have inbeger we{;/f'és like Fand g

Thus, our aftby would not be in #. This is

why we allow w's ‘G be aay real sumbers.

cl/ £ and 3 are "”f Zivr  fanitione s &

Hen :‘3 <0 <n B

( Again, we show this by directly computing £y
and  showing  the resuit is a function in F.
Let + and _7 be  defined as qbove. Then we

have M
fq = Zw () Z w b (R)

%2 w; W, rj(x)rh (%)
Consider l‘j(i‘) rh()?} in detall. To simplity
the diseussion and netabian, assume X = x
is oae- dimensienal.
3 k 3
—ay (=X, —ay (x=%g5p)
\ ' r<x\rh(a<\ = e | " e b ,°h'
) Loy o3 » @ ne o'
e
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Consider ‘just +he exponent:

aj (x-x,,pz +ay (x—xok)‘ =

*
qu-i- Q) x - 2@5""*’;""‘1&"3‘0\0% .

wWe can rewrite +this as  follows:

)
(ah-\-ah)'(x—xo}h Y + ¢

where Xojk = A Xo; + A Xog & Q (ratismals)
5o cempr port
is stil  ratisnal

A* L

v z L'} 2.
[ ‘ . ¢ = 2] Xj * ApXop ~ (ﬂ‘) XO'J +thok)
‘ Q:‘ ¥ Ak

S we have

2
M, M, —(aj-kq,h)(x-%o.h_) ~-d
fq = Z 2 ww e Tle
J7\ Rui IR
-c

Define o, = w; W, & and o T Ajt ay.

Nete  thet Wip € R (real #'s) and o) € Z Cirts)
20 we will 30:4: a Function in & later on.
My M2 - ol (x-x, 2
JR OJh.)
- . e
fa = ZZ i
We ¢an rewrite this double Z  as qshy/e -8
We implic/tly define wy to correspend to wyy '
ete. jn  The ocbvious way , i(e. write out tie |
| ) doable sym and rumber the Lerms with
J’ . /65 I/aco/ M,Hz-
fulty —ay (k= 2,,)

+3=Z Lu'ee

L=
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We see that g is in #  and
our prooF s c:omp!e*bc..)

Comment : This  proof 2hows that we can a/afrcxima*{:e
arbitrary  Functions with arbitrary adéuracy,
but it doesnt Say hew  many nedrons we
will seed, Thus, we camet specid, the
aetwork in  advance of Iomu}n? what
funetion we want +o q,a,broaimq-ée_ and
still be gure of our Ll aéeqracy.

E. T. Hartman, T.D. Keeler, T. M. Kowad sk
Cavored Newtnl Nelovohe et Lansscmor Aldden

Unite ae Univercal Approzemationt, Neml

Computation 2, pp 210-215 (i1110)




