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! We wish +e find a cubie polynomial \nav'mg
values viat x; , vy o at x, y. at Xz, and
- y2 at x,. We assume these values are
; qiven.  Later_we eusider “he case where y,, ya, v, v are given.
L . - A _ A
i ~nele - We take derivative y,‘ in the —x direction
| !
l so. that _ y, = d,v/d(-x)[:x‘ —d)r/o(x{xa.l. We do .
i this te  simplify our derivation and make
‘ our derivation symmetric in x; and %, .
i Our Ayz' is in the +x. direction. Thus yz'
: ;S 'H\e S-éano{ard deriVQ'(:it/e-. Y2 ! = d)’ /JK l&:pz .
For reasens of namerical  gtability and simplicity
.-we Chanje our x c¢oordinates o Xy oand X4
o defined as  Follows: | L
i ' s
i L‘z_‘x.-.,-:% lq_(x.\h-o &(Xq,\e\
o S L S
— A= Xy e - -
Xam %
These XNg el us how ¢dose we are %, or x,. .
We . use . the XNs 4o, split  the cubic. Zpline. into .. . _
a piece for X%, and a piece for x,.
U . We. alg . normalize  the _ ke.nﬂ-{:h_, of. -the e
—d .. interval K Ey by working in terms of
N S .. .Aecvatives  with . respect 4o 28 (nstead o .
—of e e TTRR L chdn _rule_ gives _us _the relatien ships . -
between . derivatives  In__a__vus_. derlvatives in &
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Derivation (zewt.).
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Now . split +the. spline in twe and use A'3:

X\zl
lazO Lz=l
The solid ULne i3 +the half —spline for Ma-tchinj

the ialue and Slpe at A,=1  and
value q,no‘ S/afe =0 at A0,

The . dashed line is the _half -spline for Ma{:déinj

+the vpalue and s[ofe at Ap=1
value and slope =0 at Ap=0.

anol jiw'ny

The wolid Lwe + dashed Gne = desired spline
Ma'édhinj value anel slope  at Loth ends.
In other words, we solve one end at a time.

want. 4o solve the
This s e.su'wa\en-b +o assuming  we have a
Full  problem with 11,; =0 , ?7_=O.
these values until Further notice.

SO we

We assume

We . can. _now .write  the cubic polynomial Ffor.
the gplines

Ad‘-dr y = a)x‘!'i'\ol:-\- e, v+ d

] '
W’- v,))j,‘ ) l\d.a=0) «7..;:0

- Now we . find a,b,¢,d +to matéh qiven lnfo. . ..
This is  where our a‘e-ﬁ:’ni-&;‘an#& simplifies ... .. ..

_our. __derwation,

5iw'n3 U

seslhd  Line problem,

2R
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1. *fl? s AU T
Wl E bt | L 1ﬂ| 41 X = \3 a+t b v ¢ 4d ¥

20 Mar 1994 . 46,,_ /la« (a=0). d =. 0 _(gwen) ___._ .. ___ e B |

1 2 { H i ]

] Ad,‘ = (A|~\\ = Bad, A vl A A

. i = _R3a 4+_2b s+ _ __sinde. 2.:..-.-._.3&/33.. =1 &

! . 43 -7 (A.‘..o\ - —(zaafats2en ey 0 e

i = -¢ =0 (qlven) : L

! Thug, Y, =.a+ b So B4y = 34 24, =2a+ 2

%" = 3aq % 2b 4?,' = 3q 4+2b 4”" = Ra+2b o *

3?1-,%‘ =) 243,-—43, = . o A

3 ™ 3 1_ ;

Thus , ,(a; = ["‘ Zl( + ‘5&‘ ‘& “a'( + [ll .& "é' . [, {

i o m‘. Lo i e . - T, L. . -;—f'

ek M= o (a=1) = (—2+%) Y, * (l ‘) 4/1 = '?'
f A#,_ - (A‘-OB (o+0) 4.+ Co- o)«/ =0. Vv
\ gt =gl = (—(.,A., A eaN) 4, +(3>~‘;.. zx,x\)%.
: . = (—G-!-G)Aj.,-t(?; 23? v, v '
4?21= 7'0.:03 = (a2, +e;u|;,)aa + 0t =) )7,
= ((,o+co)1¢,+("$o-zo)aa =0 v

Eor .. the . other  half ."Sf(ine _on .. the r:jél‘: we get, by s/wnuetry,

y"__y: Y_.—-‘Z,L:-\-, 32.: 1 Yz + [lf'.k:}#z{ J

Add  +he Y e andl 4 right t  get Yo  total 4
r‘& = Gefre T Y right
st s This 4 ..uses twa _ differeat <oordinates,.
B Xand Ay for. . x. This is redundant LbLut
gives A,_,us.v_,s)mmve_'try..._ and  reduces -the . _Likelihood _
of  numerical _ problems, O
_‘ . o comments __We . use _ +the _aboe. formulation 'For w)\en e
‘d’
we  _ knew_. y._ﬁ,anol ..y‘ values. . _ .
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200 F1AML . . For the 4ypical. case _where we wank 4o selve
for . yl.___ by . re.z.u‘;r.'mc’ - Continuity of both y' and y"
we need a * formula  For v in terms of y‘f, |
As  betore, we slve _ the half -splive problem
for the left  side. . \o),_. set&'mj Y2.=0 ,. ?Lz”=0.
: b
!
, Aj,_"=o (ro curvature)
A, =\ - A,20
nte: We can on/y spe_al’i/ two conditions on rzjl:t
i side  sice this gives us  four cond Itions on
% our cubic  polynomial  Aawing Four coefficients.
1 Thus, we may and fméab/)/ 0/0 have 78,#'04
)

We  have y or 47. = GA?-\- ‘0)\?“’ QA\"'O\

Guven 1 4. ,7,", 42 =0 7,:' =0

Differentiate -bwice: Cwith respect o 2A,)

l' 2 ! ) '
4= AN N w ZbNA K e .

L= Bahz o+ WA, +.e A.(':l.,_ verywhere
o . -
Aj = Gad A + 2b),
= badx + 2b

Y= ax b+ c¢c + d (A =1)
- 7,7’ = ba+2b . .
— My = d =0 o (XN =0) i
_..Aj’,?:vzb:O Y
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By s)aume*!:r}«.

- S - e .‘s . ;
- ‘?rlshh '“=‘"A'7-'7‘Z'+ 2—‘_.- Az 4}:. .
. ce : 6

T Frese T rght

! o ‘ L1 ' 1. ’
T mote:  Reeall from 4 pages earlier that 4.'=y, (%e-%) .
I 71-": )’z" (xp-z,)".
| Wih this  dervation we  have guaran teed the
% continatty of y" at ‘e data Fo‘nntﬁ- Now
! we  differeatiate 4 and make Y " sontinuous
] Lor qdjacen‘l': intervals :
) ? e
J Y+l
’ % x| *jrl
In  terval f"-j-n) X 1 we have
3 2
AZ = )t.‘ Vj-1 * Xl,—&\ O‘J"‘j-t) 7i~\ ,)ﬁz‘x;.—x
S -6 e R p- Xje
3
t Ay v A=A (3, - %) Yy Az = X=X
6 xj-xja
In interval _Exi ) Xip 3 we  have
L , 2 - . .
- %__: A, yi ¥ A, - A, (XJ_H-XJ) Y Ai-:_k;}“—x. :

L. I . - _36 e . 2 " -”'j«-c?'.x3__, -
‘\J L S I J AI.YI‘*‘ + AZ sl A; (x:‘*‘:- 3’-3) 73_‘,‘__, Az: X - x‘l o
e - . R . b . . _...K.‘)ﬂ -7‘-_‘ -

. After__ d:rfferen-éiqiion,_ setting Y=y ,and rearranging . we gete
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7&,1? £ Gt . Example_ e
2e. 44r_ b S ; . )
' n & "
A R Ml ST R o L P B Yy TR Vi =T - T Y i S
ey e - S 6 Xee T %) X5 =Xy
s Jf_ e We _%e_{: N=-2 _sudh. eﬂua-l:'t.ons For N data points.
. . L} “
R S - We Ajetl..'_ 2. more . eguations by setting )y =0.
] and =0  Ffor a natural spline.  Alternatively,
L we  give values for )g/ and » !t get 2 more egﬁr,s’.
- We solve thege  simultaneocus eguations ko find
: the wvalues of e y:‘q. We +then use <he
. cﬁua{:lon . For v from  the previous page o
- evaluate our spline Fit for darbitrary x.
r
ol -
! G‘Y‘:-':i“\\
T @\Y‘Lr“ ‘_\-
A\ RN \%
J —t \ b \ s %
-\ -1 : <\ 2
2 Yaz= -1
%y X2 ;.(2’-'{ iz %
datar (%, y,) =(~1,1) e yEo2
. (R)v2) = (-1, 1) .
. e
,, LH,Y33=(-\5)— —
R - _j .. . _
— *| - (7"‘*3 Ya) = (2,-2) . - - e -
|
+ )= \ 2 3 it
- xj= - Y L2
; 3 Z
— _— e :\i-\' A&" = -\i 1. ;‘. —_ -
T e S 1Y Wkl PR % ' ;S_- T T e
- e —_—— Loyes o) nwng . 7/ -7 - e
1] i
—  eeed e o Use _a__nataral  splines  p =0,y =oO. e
b Bvaluake e equation _at the top. of this  page S
— o For j=2 . land 323,00 : e
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Lubie¢ Selines —  Example (eont.)
o
] ]
S)=2 % oY + '_:___
3 o
- . o
u c 1
=3 ._\Z_ Y A+ 2
= ¢

mx«%’pﬁv Zwa 18 As clear Hractions

G

N -\— 3 Ko) = (—-7_- —7> Q}_

i "
= - - - H=\
e o+ 3 _(7% W) -z (u-ie)
" 1]
3 * g -2 %7 ¥ 27+ 1
Y2 - 73 ( \ (2 \
q 3 " 4y + 28 \S
<+ = - = -
72 Y3 = < =
T oyt x5yt = —31; + % = 4
* 2 =z 2
1] i
“Sy, + 15 y, = —-5-15
=
By L 1S Y “ = 1
Y 3 3
Gry, " = -7S-% = =-8% = -4z
2 2
S y.‘_" = =1 \
qy, "+ ‘3“ . = - 15
3 - -
Y2 Y >
u . V
Uya ¥ “Sya . = 7
2
it
-'L\'?"Y3 = - lg
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Cubi¢__ Splines = _Exam Fl e . (eent)) 3.
_____ - Now evaluate .the_ =pline. at. x=o0. S
=0 __ les .in..the igterval [x,,x31 -[-\_, %._1
Yiegs F Y right (Au 7&&«.& ,&u‘m)
, . S
= X, Ya. W +(}- A‘\) )’1 ("3‘ 7<?—3
. . .
> u 2
Ay v A -Aa oy, (’93"‘2)
e
where | = Xa-X A= x~Kg
ka‘“xl K‘b" xl
At x=o0 we have 1L( = L~o = 4
2 A
Ao-1
=7 7%
A, = -~ = \
Loy
- . . z 2 g—
nmele: We expect X =2Xg= 1 since x=0 s
halfwa,y between %= .—_{_ and X4 = 2’. .
. . L - . : ‘. . 13., .
- = - - = = - = -
e = (e e
, Thus .)r(?c-—-O_),_.: _lz, Yy * ‘?ﬁ -72_” . B IR
, G
' &
e T by v T T8y .
; _ L
: = L ~7/8 (-10) e
| S
- -
(R R (—J
| _ = W + 7 ~ 27 -7 = 88 +‘tl,-8‘\ i}
36 4 24 7{? za% 28 289 288
= 25 _ % .087 3rn$ wikh pm-’curecct
288
. _ , N st of  eample. v
mnotle: Dee. N.ammww( k‘oam . C _For spline compater . code..




