ECE 2210 Lecture 18 notes Second order Transient examples

A. Stolp
10/30/06
Ex. 1 For the circuit shown: 2119110
. . (o | G272
a) Find the transfer function v; . —L ,UJI'—
|
= o
o r G—S ?
L's R B
Vi(s) = ‘V (s L
L L s 1200 Vi
11 cs |
Ls R 0.5mH
= ! Vgs) = ! Vs) = S—2~V (s)
1 (1 1) S 11 11 S 2 1 ;S
L —+ = L ST St
Cs\L's R CsLs CssR C-R L.C
H(s) = VL(S) _ 52
VT vas a1 R = 120-Q C =0.22-uF L:=0.5-mH
CR LC 1 1 1 1
2 L =3.788 10 L =29.091°10°
_ CR sec L-C sec?
> 378810 9.091-10°
s”+ S+
sec sec2
21 | > 378810 9.091-10°
b) Find the characteristic equation for this circuit. 0 = s +——s+— = s+ = s =
C-R L.C sec 2

secC

Just the denominator set to zero. The solutions of the
characteristic equation are the "poles" of the transfer function.

c) Find the differential equation for v; .

Cross-multiply the transfer function

2 2 1 1
s“Vg(s) = (s +——s+—|'Vy(s)
S CR L~C> L
SV (s) = V() sV (8)+ V1 (s)
S LW er " e b
2 2
d d 1 d 1
E— Vs(t) = E— VL(t)‘Fi'fVL(t)‘Fi'VL(t)
dt dt C-R dt L.C
2 4 9
3.788-10 9.091-10
a? . L L NC RV T L
it S = dt dt sec
d) What are the solutions to the characteristic equation?
, .10% 2
sy = 3‘782M)+;-J<3.788~104> ~ 4-(9.091-10°) =-1.894+10" +9.345:10%
, .10% 2
sy = M—LJ@.%&IO“) ~ 4-(9.091-10°) =-1.894+10" — 9.345+ 10"

2 2

e) What type of response do you expect from this circuit?

The solutions to the characteristic equation are

complex so the response will be underdamped.
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. o . - . V. =15V
EX. 2 Analysis of the circuit shown yields the characteristic equation below. in =13 R | 1=200-Q
The switch has been in the open position for a long time and is closed (as —
shown) at time t=0. Find the initial and final conditions and write the full —
expression for i; (t), including all the constants that you find.
| R, =300-Q
52+ S+ | —— =0 t: O
CR, LC L
1 ~1-10* e B —210" - 1 L:=100-mH C :=0.5-uF
C-R sec L-C sec?
2 1 7 1
s”+ 10000-—-s+ 2-10"-——=0
sec sec?
51 { 10000 +1~J(10000)27 4~<2-107>1~sec‘ 5o { 10000 1~J(10000)27 4-(2:107) |-sec!
2 2
s 1 =2764°sec | So =-7236*sec | sqand s, are both real and
distinct, overdamped
Find the initial conditions:
Before the switch closed, the inductor current was: U 15'\; =30'mA = ip(0)
+
Before the switch closed, R, ! 2
the capacitor voltage was: (15V) =9V = v(0)
When the switch is closed, the
inductor is suddenly in parallel
with the capacitor, and: Find the final
vi(0) = v(0) condition:
d. 1 — v ~(0) .
Zi7(0) = =vy(0) = C i1 (e0) =
dt L L L L
15-V
l.g.V 290.A R =75*mA
L sec 1
st st
General solution for the overdamped condition: ij(t) = iy(e)+ Be + D-e 2
Initial conditions: i} (0) = v = ij()+B+D ,s0 B = ij(0)-iy(e)-D = 300mA-75mA-D
R;+R
1T=2 - 45mA-D
j—iL(O) = 90~i = s1'B+syD = $1°(-45mA-D) +s,-D = $1°(-45mA)-s‘D+s5-D
t sec

90- 2 5 (- 45:mA)
sec

B =-52.7'mA

solveforD&B: D = D =7.69°mA B =-45mA-D
S1tS2
Plug numbers back in: iy (t) :=75-mA - 52.7-mA-e 2" 7.69-mA-e 70"
it T T T
(mA) 75—
60— —

® i1(0.00001) — i [ (0)
Initial slope:

=89.989—

Starts at 30mA 3° 0.00001-sec
15

A

secC

Ends at 75mA

0 I
0 0.25 0.5 0.75
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Ex. 3
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Analysis of the circuit shown yields the characteristic equation and s

values below. The switch has been in the closed position for a long
time and is opened (as shown) at time t =0. Find the initial and final

conditions and write the full expression for v(t), including all the Ry =400
constants.
R o
» R 1 B L :=80-mH
0 = s +T.S+L.7C __V in =10-V
sy =250 10%j) 1 s, =250 10%j)- 1 R, =60-Q
sec sec C =0.125-yF
Solution: o= 250 o= 10000-4
sec sec L7 t=0
Initial conditions:
before switch opens just after the switch opens
V.
inL(O) = "™ _100'mA
= CD 100-mA
R =
ve(0) = Voo 2 6 1C(0)l
R1+Ry L
6V {
ic(0) .
by = C= 2 100mA g5 . Y
Find final condition: dt C C sec
Jy 0-mA
10-V ;
Vc(w) =V in— 10V
Find constants:  v(0)= v(x)+B B = ve(0) - v(e) B =6-V-10-V B=-+4'V
810 0B
dye0) = B+ Do D = e D =79.9-V
dt ®

Write the full expression for vg(t),
including all the constants that you find.

v ()

Vc(t) =€

e“‘.(Bcos(m.t) + Desin(ert)) + v o(e0)

—250t.<

4-V-cos(10%t) + 79.9-V-sin(10*4) ) + 10-V

v (t)

AD*+ B?=80-V

ECE 2210

(volts)

time (ms)
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Ex. 4 Ex.3 Backwards, switch closes att=0

Characteristic eq.:

2

0=s"+

sy 1257104 1

secC

| R

R,

Sy = 132610% 1

secC

Initial conditions, same as Ex.3 final:

10-V

<

Find final condition:

Jy 0-mA

C(O) =V in— 10V

before switch opens

inL(oo) -

Find constants: v(0) = v(e)+B+D , so

dt

4y o) = 1334100V
sec

R1+R2

V.
M _100°mA

vele) = Vi

C

R | =400
10V L =80-mH
R 2 =60-Q
=0.125-uF
t=0

just after the switch opens

10-V

l66.7~mAT

+
0-mA CD 0-V

10-V
100V —— - Jy

-166.7-mA

B = Vc(o)*VC(‘x’)fD =

C

100V-6-V-D

=-1.334-10° -

- 4V-D

= SIB+52D = Sl(4V7D)+82D = Sl(4V)7SlD+82D

133410 Y 1(4-V)

D =

secC

*Sl+82

vC(t) =6-V-6.12-V-e

D =10.12-V

B =4-V-D

1257t

+10.12-V.¢ 132600

B =-6.12*V

t

(=}

v (t)
(volts)

(S U R . > =) N B I o}

%0

ECE 2210
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EX. 5 Analysis of a circuit (not pictured) yields the characteristic equation below.

0 = 52+400~s+ 400000 R :=80-Q L =20-mH C:=2.uF
Further analysis yields the followiing initial and final conditions:
i1(0) = 120-mA vi(0) = -3V ve(0) = 7V ic(0) = -80-mA
i](e) = 800-mA vi(e) = 0-V vole) = 122V ic(e) = 0-mA
Write the full expression for i (), including all the constants that you find. ip(t)y =?
Solution: Jz—
@ ~200 400° — 4-400000 = 600j
2 2
S 1= (200 ¢ 600-)- and s, =( 200 600 )
sec sec
o ::Re<s 1> o =-200°sec ' ® ::Im<s 1> ® =600sec '
v1(0) _3.
Initial slope: d—iL(O) = L = 3V =7150-ﬁ
dt L L sec

General solution for the underdamped condition: ij(t) = iy (e)+ e*".(B-cos(@-t) + D-sin(o-t))

Find constants: i 1(0) = i1 («)+ B B = ip(0) ip(x) B = 120-mA — 800-mA
B =-680 ‘mA
1502 0B
j—iL(O) - @B+ Do p-_ % D =-476.667 ‘mA
t (0]

Write the full expression for i (t), including all the constants that you find.

-200t

i 1(t) :=800-mA + e -(- 680-mA-cos(600-t) — 477-mA-sin(600-t))

1200

i L(t) 1100
(mA) 10007

900

800 — 800-mA
700+
600
500
400
300
200
120-mA 100+

0 5 10 15 20 25 30 35 40
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Analysis of a circuit (not pictured) yields the characteristic equation below.

0 = 5"+ 800-s+ 160000 R = 60-Q L:=350-mH C =20.uF  V =12:V
Further analysis yields the following initial and final conditions:
i1(0) = 30'mA vi(0) = -7V ve(0) = 5V ic(0) = 70-mA
i1() = 90-mA vi(e) = 0-V voleo) = 12:V ic(e) = 0-mA
Write the full expression for i; (1), including all the constants that you find. ip(t)y =?
Include units in your answer
Solution:
2 .
-800 + 4/800° — 4-160000 400 s ::7400.L S ::7400.L S4 _a_nd S, are the same,
2 sec sec critically damped
v(0) _7.
Initial slope: d—iL(O) = L = ﬂ=720°i
dt L L sec

st st
General solution for the critically damped condition: iy(t) = iL(oo)+B-esl +D~t~es2

Find constants: i1(0) = if(=)+B B = ip(0)-if() B :=30-mA - 90-mA
B =—60°mA
45(0) = Bs+D D:zfzo.i,B.sl D= aq-
dt sec sec
Write the full expression for iy (t), 400, A _400
including all the constants that you find. i1(t) =90-mA - 60-mA-e *° — 44" .re **
sec
100
% € 2 90mA
80+
(mA)
60+
40+
20+
0 5 7 6 5 10 2 2 1o s 20

time (ms)
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. . . . R, =120-Q 11/1/06
Ex 1. The switch at right has been in the open position for a 1
long time and is closed (as shown) at time t = 0.
t=0 L:=0.5-mH
R, =80-Q
\% g~ 24-V
a) What are the final conditions of i, and the v¢? —
T C =15-uF
T =40 —
R3 =400 R 3 -40-Q -1
Vs
V=24V ir(e0) = —> =600°mA
S L
1 R;
R 3 =40°Q vo(eo) = Vg=24+V
|

b) Find the initial condition and intial slope of i; so that you could find all the constants in i (t).
Don't find i; (t) or it's constants, just the initial conditions.

Before the R =120-0

switch closes Vg
i1(0) = —=— =150"mA
Vg =24V
R 3 =40-Q R,
Vc(O) = V87=6'V
Rj+Rj
|

Just after the switch closes:

——O
R 5 =80°0
2 .
18-V 150-mA
18-V
Vg2V | o =225'mA % vi(0)= 24V 6V =18V ;LiL(O) = BV _36000- 2
—_ t L sec

6.7V=150'mA

40-Q 47?
R 3 =40-Q

?

¢) Find the initial condition and intial slope of v so that you could find all the constants in vc(t).
Don't find v(t) or it's constants, just the initial conditions.

i o(0) = 150ma BV OV _oosima
Ry, Rj

6-V

R )
ve(0) = VS~73=6'V d—VC(O) = 225 mA:lSOOOO'l
R1+R3 di C sec
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Systems

Now that we' ve developed the concept of the transfer function, we can now develop system block
diagrams using blocks which contain transfer functions.

Consider a circuit:

H(S)_ VO(S) _ R+L28 _ R+L28
Vip(s)  R+Ljpst+Lys R (Lj+Ly)s

(Ly+Ly)s+R

This could be represented in as a block operator:

L2~s+R
<L1+L2>~S+R

Vin(®) Vo(s) = Viu(s)-H(s)

Transfer functions can be written for all kinds of devices and systems, not just electric circuits and the input and
output do not have to be similar. For instance, the potentiometers used to measure angular position in the lab
servo can be represented like this:

A% A%
Bin(s) —={Kp = 07— =0.012*— —=V ,(s) = Kp~9in(s)
rad deg

In general:

X (s)
H(s) = 2407 Xin() —=  H(S) == X ue(s) = X jp(s)H(s)
Xin(s)

X;, and X, could be anything from small electrical signals to powerful mechanical motions or forces.

Two blocks with transfer functions A(s) and B(s) in a row would look like this:

Xin(s)-A(s)
Xin(s)—=  A(®9) B(s) —= X out(s) = X jn(s)-A(s)B(s)

N _/

The two blocks could be Y
replaced by a single
equivalent block:

Xin(s) —_— = A(s)-B(s) = Xout(s) = Xin(s)-A(s)-B(s)

X in(s)-A(s)
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Summer blocks can be used to add signals:

. OR
X 1(s) —= X 1(8) + X »(s)
T+

X2(S)

or subtract signals:

OR
X 1(5) ;@ﬁ X 1(5) = X »(5)

X 1(5)

X2(S)

X ) —= 3

X 1(s) + X 5(s)

X I(S)* X2(S)

A feedback loop system is particularly interesting and useful:
+
X in( s) @ A(s) X out(s)
+
B(s)
The entire loop can be replaced by a single equivalent block: Note that I' ve begun to drop the (s)
Xint B X out
+
. _— = . . .
X in(s) A(s) Xout($) = A <X int B X0ut>
+ = AX;,+ ABX
X - ABX = AX.
B-X out B out out in
S
X out'(l -AB) = AX;,
X
out _ A — H(s)
Xin 1-AB
The equivalent
transfer function
A(s)
X in(s) : = X put(®)
1 - A(s)-B(s)

A(s)-B(s) is called the "loop gain" or "open loop gain"
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Negative feedback is more common and is used as a control system:

Xin— B X out
+
X jn(s) 2 A(s) X out(s) = A(Xjp~B-X gy
- = AXjp ABX gy
Xoutt ABX gy = AX5,
B-X out
B(s) Xout(1TAB) = AX;,
X
out _ A — H(s)
X in 1+AB
The equivalent
transfer function
A(s
X in(s) : ) X out(s)
1+ A(s)-B(s)

This is called a "closed loop" system, whereas a a system without feedback is called "open loop".
The term "open loop" is often used to describe a system that is out of control.

The servo used in our lab can be represented by:

Input position

Potentiometer Circuit Gain Motor and Gears
0. K 0
in out
—= K, + E G S T
S| FL s+ (FR 4 B Ly )5t (B p Ry + KpKy)

Potentiometer constant

Motor Position Potentiometer

9 out(s) GK1K,

H(s) = Oip(s) = s~{J~La~sz+<J~Ra+Bm-La>~s+<Bm-Ra+KT-Kv>}+K

ECE 2210 Lecture 19 notes p4





