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CHAPTER 7 PLANE-WAVE PROPAGATION

REVIEW QUESTIONS

07.4 Anelliptically polarized wave is characterized by
amplitudes a, and a, and by the phase difference 4. If
a, and a, are both nonzero, what should é be in order for
the polarization state to reduce to linear polarization?

Q7.5 Which of the following two descriptions defines
an RHC polarized wave: A wave incident upon an
observer is RIIC polarized if its clectric ficld appears
to the observer to rotate in a counterclockwise direction
{a) as a function of time in a fixed plane perpendicular to
the dircction of wave travel or (b) as a function of travel
distance at a fixed time ¢7?

EXERCISE7.5 The electric field of a plane wave is given
by

E(z.t) = %3 cos(wt —kz)y+§ 4 cos(wr —kz) {V/im).

Determine (a) the polarization state, (b} the modulus of E,
and (c) the inclination angle.

Ans. (a) Linear, (b) {E| = Scos(wt — kz) (V/m), (c)
Wo = 53.1°. (See ®)

EXERCISE 7.6 If the electric field phasor of a TEM
wave is given by E = (¥ —Zj)e™/**, determine the
polarization state.

Ans, RHC polarization. (Sec %)

7-4 Plane-Wave Propagation
in Lossy Media

To examine wave propagation in a conducting medium,
we return to the wave equation given by Eq. (7.13),

VE - yE =0, (7.61)

wilhy

vl = —wipse = —wi e — je), (7.62)
where ¢ = e and ¢” = o/w. Since y is complex, we
express il as

Y=o+ jf, (7.63)

where « 15 the attenuation constant of the medium ang
Bisits phase constant Ry replacing » with (o 4- j8)in
Eq. (7.62). we have

(o + j) = — %) + j2ap
= —w’us + jwzﬂﬁ‘”. (7.64)
The rules of complex algebra require the real and
imaginary parts on onc side of am equation to be

respectively equal to the real and imaginary parts on the
other side. Hence,

a’ — B = —wpe' (7.65)
20 = w e’ (7.65M
Solving these two equations for o and S gives
- — 2
-E‘, ;.N <
Y R \ﬂJr (*) .y (Np/m),
2 g’
(7.66a)
- —— g yin
B=—w {1t (*) i (rad/m).
2 &'
(7.66h)

For a uniform plane wave with an electric field
E = % E, () vaveling in the +z-direction, the wave
equation given by Eq. (7.61) reduces to

P E()

s v R =0

(7.67)
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The solution of this wave equation leads to

E(z) = RE(2) = RE e ™7™ = kE e~ e ™. (7.68)

The associated magnctic ficld H can be determined cither
(1) by applying Eq. (7.2b): V x E = —jwuH, (2) by
applying Eq. (7.39a): H = (k x F)/nt, where ne is
the imtrinsic impedance of the lossy medium, or (3)
by analogy with the lossless case. Any one ol these
approaches gives

l

5/ x Z) _ j}E:(()g -z, ."ﬁ:’
Ne e

H(z) = § Hoz) = (7.69)

where

m 7 e\ 172
e = | — /.,(1 j ) Q). (7.70)
e £ [

We noted earlier that in a nonconducting medium, E(z, 1)
is in phase with H{z, r), but because 5. 1s a complex
quantity in a conducting medium, the fields no longer
have equal phase (as will be illustrated in Example 7-4).
From Eq. (7.68), thc magnitude of E, (z) is given by

eI = | E e

: {(7.71)

which decreases exponentially with z at a rate specified
by the attenuation constant «. Since H = ITX /R,
the magnitude of H_ also attenuates as e ®*.  The
attenuation process converts purt of the energy carried
by the electromagnetic wave into heat as a result of
conduction in the medium. Through a distance ¢ — 4,
such that

o=~ ). (372
o

the wave magnitude decreases by a factorof ¢ ' = 0.37
compared with its value at z = 0, as shown in Fig. 7-13.
This distance 8, called the skin depth of the medium,
characterizes how well an elecromagnetic wave can

B (DVIE ol

Figure 7-13: Attenuation of the magnitude of E, (z) with
distance z. The skin dopth 8¢ is the value of ¢ at which
|EdDI/IEvol =€ orz = 8 = 1/a.

(LS 7 6-7.8

penetrate into a conducting medium.  In a perfect
dielectric, o = (; hence, & = () and theretore §; = 0.
Thus, in free space, a plane wave can propagate with no
loss in magnitude indefinitely. On the other extreme, if
the medium 1§ a perfect conductor with ¢ = o0, use of
£ = o/w in BEq. (7.60a) leads to o = o0 and hence
8, = 0. In a coaxial cabie, if the outer conductor is
designed (o be several skin depths thick, it serves to
prevent the energy inside the cable from leaking outward,
as well as to shield against the penetration of outside
electromagnetic energy into the cable.

The expressions given by Eqs. (7.66a}, {7.66b), and
(7.70) for «, B, and n. arc valid for any linear,
isotropic, and homogeneous medium. 1f the medium is
a perfect dielectric (o = (), these expressions reduce
to the lossless case [Section 7-2], wherein ¢ = {},
f =k = w/ile, and 1, = 1. For a lossy mediuim,
the ratio £”/¢' = o /we appears in all these expressions
and plays an important role in determining how lossy a
medium is. When £"/&" < 1, the medium is called «
low-loss dielectric, and when ¢7/¢" > 1, the medium
is characterized as a good conductor. In practice, the
medium may be regarded as a low-loss diclectric if
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e”/e" < 1072, as a good conductor if /¢ > 10%, and
as a quasi-conductor if 1072 < "/’ < 102,

7-41 Low-Loss Dielectric

From Eq. (7.62), the general expression for y is given by
ey 172
. - .E
Yy = jes e (1 181) .

For any quantity |x| < I, the function (1 — x)'/? can
be approximated by the first two terms of its binomial
series; that is, (1 — x)!/* 2= | — x/2. By applying such
an expansion 1o Eq. (7.73) for a low-loss dielectric with
x = j&"/e and £"/e" & |, we have

(7.73)

8”
¥ = joy pE (l ——j—). (7.74)
2&"
The real and imaginary parts of Eq. (7.74) give
LwET e o
a= ——\F = \/— (Np/m), (7.75a)
2 Ve 2Ve
g = m\/ﬁ? — e {rad/m). (7.775b)

We note that the expression for 8 is the same as that
for the wavenumber & of a lossiess medium. Applying
the binomial approximation (1 — x)712 ~ (1 4+ x/2) to
Eq. (7.70) leads to

T e 1 a
pe= B 1y )= /—(l+j—). (7.76a)
&' 2e’ £ 2ewe

In practice, these approximate expressions for «, B,
and 7. are used whenever £/¢" = o/we < 17100, in
which case the second term in Eq. (7.764) may be ignored.

Thus,
~ I
nC = )
V.

which is the same as the expression given by Eq. (7.31)
tor the lossless case.

(7.76b)

7-4.2 Good Conductar

We now examine the case of a good conductor
characterized by £”/¢’ = 100. Under this condition,
Egs. (7.004), (7.06b), and (7.70) can be approximated ag

o= i w i vafpe (Np/my),
2 2
(7.774)
B=oa™ rnfue (rad/m}, (7.77)

(£2).

~ | LT L
=i, =0+ )/ ——=0+j)—=
ol o a

in Fe. (7.77¢), we nsed the relation given hy Fq. (1.33):
v j = (1 + j)/+/2. For a perfect conductor with ¢ =
oo, these expressions givew = f = oo, and n, = (1. A
pertect conductor is equivalent to a short circuit.

Expressions for the propagation paramelers in various
types of media are summarized in Table 7-1 for easy
reference.

(7.77¢)

Example 7-4 Piane Wave in Seawater

A uniform plane wave is traveling downward in the
+z-direction in scawater, with the x—y plane denoting
the sea surface and z = ( denoting a point just below
the surface. The constitutive parameters of seawater are
g =80, y; = 1, and o = 4 S/m. 1f the magnetic field at
z = Ois given by H(0. 1) = ¥ 100cos(2m x 10% + 15%)
(mA/m},

(a) obtain expressions tor E{z, f) and H(z. ¢}, and
(b) determine the depth at which the amplitude of E is
1% of its valuc at 7 = ().

Solution: (a) Since H is along ¥ and the propagation
direction is z, E must be along X. Hence, the general
expressions for the phasor fields are

E(z) = XE e e 15, (7.784)

E ;
AL Py ]

Nc

A=y (7.78h)
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Table 7-1: Expressions for o, f, n¢, up, and i for various types of media.

Lossless Low-loss Good
Any Medium Medium Medium Conductor Units
_ _ =0 | x| ez
B — 11
e £\ —
o= ! 1+ (— -1 0 7 /E NE SN {Np/m)
L 2 & 2V ¢«
B 5 942
pe' g _ N —
p=lw| 5 [yttlz) +! w Jiie o JTiE N (rad/m)
L ' i
a =12
n e I u N
e = ,(1 *Jﬁ) - - I+ (€2)
£ & £ e o
Hp = wfp I/ J/IE 1/ /e 1/4J'rf/,urr (m/s)
A= 2mip = up/f up/f up/f uplf (m)
Notes: ¢ = &) & = o/, in free space, & = g9, p = JLos iR praciice, a material is considered a
low-loss medium if £” /&’ = o /we < 0.01 and a good conducting medium if g”/e" > 100.

To determine «, 8, and 7, for seawater, we begin by
evaluating the ratio £”/¢’. From the argument of the
cosine function of H(0, 1), we deduce that @ = 27 x 10}
(rad/s), and therefore f = 1 kHz. Hence,

o o1 4

T ween | 21 % 10° x 80 x (10-%/36m)
=9 x 10°.

fr
!

) we

Since £” /&’ 3> 1, seawater is a good conductor at 1 kHz.
This allows us to use (he good-conductor expressions
given in Table 7 1:

a—=+nfuro

=7 x 1 xdr x 1077 x 4
=0.126 (Np/m),
B=o=0.126 (rad/m),

(7.79a)
(7.70b)

o
ne=(1+j)—
a
0126 .
= (V2 ef”/4)T — 0.044¢™*  (Q). (7.79¢)

Asnoexplicitinformationhas been givenabouttheelectric
ficld amplitede Eyp, we should assume it to be complex;
that is, £.0 = [Ewle/™. The wave’s instantaneous
electric and magnetic fields are then given by

E(z,t) = Re [i]Exo|c'j¢"c"_“z£%71“5561'“”]

— R|ELole 12 cos(2m x 10% — 0.1262 + ¢o)

(V/m), (7.80a)
3 IE10|(‘j¢U —uz,— Bz, fer
H(.f.,l) =Re [YWE ¢ [
— §22.5|Eole "1 cos@m x 10°
— 0126z - ¢ — 457 {A/m). (7.80b)
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Atz =10,

H(0, 1) = §22.5|E ol cos(2m x 10°+py—45°)  (A/m).
(7.81)

By comparing Eq. (7.81) with the expression given in the
problem statemecnt,

H(O. £) — § 100 cos(2r = 1071 1+ 15%) (mA/m),
we deduce that
22.51E ]l = 100 x 1077
or
Ewl =444  (mV/m),
and
¢y - 45° =15° or ¢y = 60°.

Hence, the final expressions for E(z, ¢) and H(z, ¢) are

E(z, 1) = x4.44¢ " cos(2m x 10°1 — 0.1267 + 60°)

(mV/m), (7.82a)
H(z, 1) =y 100e "% cos(2m x 10°t — 0.126z + 15°)
(mA/m). (7.82b)

{b) The depth at which the amplitude of E has decreased
to 1% of its initial valuc at z = 0 is obtained from

In{0.01)

0.01 = ¢ P13 or i=
—0.126

=30m. #

EXERCISE7.7 The constitutive parameters of copper are
p=po =4r x 1077 (Him), e = g ~ (1/367) x 1077
(Ffm), and o = 58 x 107 (S/m). Assuming that
these parameters are frequency independent, over what
frequency range of the electromagnetic spectrum {see
Fig. 1-15] is copper a good conductor?

Ans. [ < 1.04 x 10'® Hz, which includes the radio

spectrum, the infrared and visible regions, and part of

the ultraviolct regivn. - (See %)

~XFRCISF 7.8  Over what frequency range may dry soil,
with gy = 3, p, = 1, and o = 1074 (S/m), be regarded
as a low-loss dielectric medium?

Ans.  f > 60MHz., (Scc ™)

EXERCISE 7.9 For a wave traveling in a medium with 3
skin depth 4. what is the amplitude of E at a distance
of 38, compared with its initial value?

Ans, ¢ m 0.050r5%. (See #)

7-5 Current Fiow in a Goed Conductor

When a d-c voltage is connected across the ends of 4
conducting wire, the current fiowing through the wire hag
a uniform current density J over the wire’s cross section,
That is, J has the same value along the axis of the wire as
along its outer perimeter [Fig. 7-14(a)]. This is not true
in the a-c case. As we will see shortly, the current density

. uf

(a) d ¢ coase

AV
R

o
Vie)
{b} a-c casc

Figure 7-14: Current density J in a conducting wire is
(a) uniform across its cross section in the d-c¢ case, but {b)
in the a ¢ case, J 15 highest along the wire’s perimeter.




