4143 dzy - .F(x\:-ﬂ.é.%(u))\l (\::D\:\“\w w) =0

] Lo W=Ax+B,
¢ \a6d= Ayxes,

Sinte. Vi (x=0\=0 » Vi) = A‘x . V"(,‘\ = A
\I,_(xwl\:o D Va(x)= A; (x.w) . V;(x\= Ax

W) =V 0N 60)-Np 6N, ) = A A= AA (xw) = A, Auw

s altl A .. 4 ' <
d

[
%A;(k-\d\: _“w_(g.w) , X'sx=w
“The Greews -(und;\ov\ will e choseun b sadiefy the poviial diffevewkiod

eqbionl G L 36 5 (e-\(ipy) A
oy | o4t )

su\o:‘ed:. 1o the \oou\no\aﬂ& comdi bions o&’-
G‘.(\’g;g‘ Qg%gc_g\. = G(‘x=a5 05%56\_ =0 (20
& (14x%sa, %:0\ 20 G (osxsa, Y= o= Finite (2k)

Choose the, Gree's RunctionTo sadisfy the boun&avn condi &1 ous o (aa) o

%=0 omll x=a..‘\'\\u:°
G (x5 %4) ﬂ%‘,,‘a"\(%" ®,41) sin (%x} (2)
Su\cs’u{w\'m% (3) wis (1) leads to
2. [ogputaita) 2t og-Seblyy) o
Huﬁ'\e\%ihca hoth sides of (4) by sin (wmix/), iw&c%vo.{inawl& vesped %o
% Qrowm 0o 0 ol miwk (14 -480) audd (1a-48k) we cou write that

- GV g = 28 ) &)
For the \M\m:tu\uu foum of (5), tatwo scludions cun be writken o

D)= A€ e e @)
B0,



Now vovpp\t—a ow (6) and () the \«ow&ma wndidiowy of (k).

g (uzo)= Aw+B, =0 S By=-Aun ®)
%CQ (.a-_-.oo\: Qinite => D=0 @)
Thus AT wxﬂ
X ) <2hutt ) €1 = abydduhsgy) o)
<y
g0 (45%iq) = Coui &€ "N Py O

Coninatol o ond o) by .
—‘t.&_&_%h ‘ va AMO"} “W s'\h\n (g‘al\ = CM("'N') e @E% ) 02}
Disconkinwily of. g /byl wzy owd d am My lyzy':

(’MJQ'\[-“C;A ORI A o (m%aTﬂ‘-_. 4 o 03)
44.8 cwwtd. g%uw\lous (12) and (13) o be written as
Gy 2Aw s (4T TN )
en € "B, 20 (47 = & ()
ga\u\m6 thore twe e%udms for Ay omd Cuy leeds &
a2 2
S oY) ""
Cpo-a _siuh(nEy) % ()

wi w\\(@«aﬁ-b Sinh (“.g."ta‘\
Thin (o) amd () can b writton ae



0, o ' \f\(“‘“' \

w(43%) '\=‘2’- Ll 1 <y (18
R T vy

(‘5 \z-2 sinh &‘?'A'\ n/d.a -(""7:)3
Ow (=g =- 2 oo+ o N
“Thus the Groens funchow of (3) cu be exresied ag

L 4oy (19)

2 1
Z. (M)M\\(W_ \-Hm\\ m l‘sm\:\( %\sws M&) ) t1<gl
G(":%S*J%’):' (w IK\
, 4
S & srh(t e et K () y 4y’
g (T esinh (4
[4411) 'gie 264 2G =Slex)T(yy) @)
G (%<0, 0¢y=h) = G (%=0,0845h)=0 (o)
G(osntn, y=0) = G(05%30, y=b)=0 (4b)
Gty = 2. Gufhs 681 asin(hod By )

Ogelying (o) on &) \eods b
Grlx=q = Z qu(yidg) [Anlol+B, () =0 > B,=0

G (k=d) = Z a4 [Amsn (841|202 Bea =sitolemm BT meiay -

“Thus
G buyixyy)= Z Am%m(t\,";‘ﬂ sin (%8 x) 3)

gu\os&:\’e.qu (3) wite Q.\ we can wrike Hat
m-nz { (_g) %M +§ 9m } sin wm-,‘) 5‘(,‘_,‘.\;(3 ‘cﬂ
£ A [t %m} s (48) = 5 )ty ) @)

M ulhi 9“6“'\"5 hoth sides hﬁa sin(Wrx/a) R N&O%Y‘N‘\ma betwem Otoa in X, oud]
wsing (14-48a) omQ (14-48k), leadstn



1444 antd. %{:ﬁ%:w[s‘-(*%'!\‘]%}=s\n(m,gx-)8(«a-3-)
ST S e BBy <0 )
Thetwe solwhions {or Hhe \nomsdtmws Lovm of (5) ave
%3\‘ = A‘ens(p“ca\ +B,sin (pw\ 4<y' (a)
%‘;3: C-ﬁ?"{%(‘f"ﬂ*’bi"‘“{pa (\a-bﬂ \Pa' ('Gﬂ
Afy\m'w) +he \ooumdw} conditions of (k) ew €a) and (6b) \eads T

ca(:\)(xa:o\: Ai(i\-\rﬁ._‘_(o\ =0 SA,=0
%c;} (a:h\ = C,(4) +Dy(0)=0 = Cy=0

 ~Thus (6a) omd (6b) vedue
3(:"\.-. :Bis'm(%%) ,%%\:: $%Bims(ﬁu‘3§ s Y<y (1)
o =Ds gy ], qm=byPaslhylgl] Sy b

“The Wronskion of (14-44¢) cam wow be uxittm as

Wy = 8yB D [sinfog) onley(g1]- sinley (3-8 i3]
Wiy =By 84% Is‘m(ﬁ%‘-%%'-\-@“hﬂ < ByBJD, sin(8y0) 8)

Using (14-dSo) " (\‘4-4553' omd (5) with -p(g'): 4, we can write
1 G el o) > e o
2

( 3“'3 ""{ . )
%\'f\  Fig}) srh(ﬂ\%) S\“Yala(%'\‘ﬂ S (v_ué_\‘,‘q , a),él (Q\t)

‘ 0-(5\‘ S‘M(Bcaa
‘\'\r\us '\:LQ. GYQ:YPS {W\& :ou of (3) com wew be prvtm&‘ o
2“‘_ C E‘L‘Iﬁzﬂ'ﬁ_ﬂ-ﬁu (%‘a\ siu(!g wl)sin (zg." x), ‘0"6' (400)

Wl QE% Sih B%h

G lxy; %y =
@ s‘l g g%‘l) ‘ . si“ w x| Sl.“ ™ " 1
wmel 2. gF% S:; (‘P“b\ : “[%(‘a “] (-g ‘) ('E ) ) %>a (“L)



14.12] The Greews -Fuv«.*.ion fox tis pyobleun wuat soiixfa the partiel

diffevendiod equedion Hhed He mu.stswhsﬁ-ta 5 that is

TG+f6 :g(f-_p_') @)

-\:\t \oouv«e!&:t& e»wéihbns 'goi the Grreens -fuvxci\.ou ave chosen to ke the
e oé:.'t (g:q':%s:;m,tgmz‘s?(g:h,osés_m'oszs\n\ =0 )

Let o ‘o

Glp.¢; §.8)= Z aulp;plé) ™ @)

Chotsing (14-162d \ %o vepresewt §(p-9'), we con write @) w ¢ dol) {om
aSSUwL &o Y 00«\0:\'\0»«5?0\; (H-ISQ; = \» 1 W expom -f )

Fa\\wj\\mQ te procedure oudlined on pPage B48-899, wut cam wvite
the To soludions for %M(S’Jf'l"‘) o given kta (14 - 159a) and (“‘-IS‘IQ,W

‘3(:3 = A (Bof) + B (8, f) for < p' (2a)
3(;} = Coa T (Bo§)+ D Tun (8o ) For g5p' (b,
The Greews funchion of (3) wuet sd-le'-a the \ooum(aw%‘mud'\hous of ) Thus
m(40)

%CY:\\( ?:Q\: AM:YM(BJ\\ + BMYM (ﬁak\ =0 -me= - AMYM ) (qq)
g (=t CuTu (BB + DY (B 0) =0 » Dns-GInl® ()
Thuy (30) amd (2b) vedine & Mo (R5)
\ T (B0
o = ATalag)- S gﬂ=&[rm(a,g)-&Ym(p.9ﬂ (e
%8\? = CM [:[M (B°? ) = M Y\M (ce?\]=cn[3m(’cﬂ'x YM(’oﬂ-k (5 L)

o (85)
Usivg (14-44¢) where 4 = 0 and 2= 9w, we caw write the Wronskian as

Wig) b | Tn(Bog- o BgN]Cu T -y e ()]
8L [T (B - y o g AW Tt (- Y51 |

Wi = b AuCul Ty (s, £ )T Bog ety Yl o (85)- «\Q(e.y'ﬁ\';(o.g')-xlfag%}]
-8, CwA M.[ In (993'\1: (Bof" oy Yo (Boj"\YJ(B.,g)- X\(m (8, f') Iu:(ﬂo § ) -c(]’m(p,ﬂ\(,:(c,f' ﬂ




W) = A Cud- Tt Tt |+ | T Tl b e B ©
?‘3 vaing the Wronskian Lox Bestol funckions of (n-qs)) (6} vedutes %o
w (g‘\ =+ 1_2_;_ %CM;%‘ {.; o=~ x} = E_AMCM[JM@.&)_ 3M(€o0

Jn )Y :S?‘ R( Y;‘\SM‘ e
=2 (Bb) < Jw (Bob) Vi (BA) _ 2 ALC
W) = 3 4 A e & (), )

w\w‘(t @Y\M = J i { 868) Yiu (X -TM(Bok N (B44) (10.)
, N (Ba\ My, (8,0
'qul\la %M(S’i f.ﬁ') °‘f‘ (\4~156) con he wyitten wuuj (N-ls’S)J(Sa)-('lq] “3
velevring T (14-456) ank (14-458), o

3 Ymm Bo9") =Y Ym (& ')][3 (Bop)- oY, ( ':\"“&‘ sp! (

= ——-l(—?—\i———‘—, = m(Bop)= oYy, he)l & yA=p=p 84)
%M(rjs'ag\ ={ - }a _A\ .\I I |\1F B .L'

4 | Imtlep)-of T Bofl |7, (8,6)-¥ Vo (8:p) g™ '<p2 b (b)

3 [Tl el T o

Thus "E\«g Geeew’s -Fum\:iow of (3) com be writken an

' ‘ (-6
z_ %_,, [3!.(’03.2 Y}- ﬁ(u (8.2 ‘1) [3}4(6. f\- u‘(.,\(e,é_] Q_.\m(«b ¢ @)

= m\Pe - Y\“ of' 'N(w
£ 40 ‘glﬂ: ¢ ?DJ[I“(M\-WH TG ) (ak)

3413] The solwhow t tis prololews fLollows that of Problem 14.12. One of
diffevences ove the loundory conditions which o€ this problowm ave

G (p=0,084s 0z ash) = Glp=b, oseze, ez 1zh) =0 (1)
Grlopeh, d=0,052sh) = Glaspsh, b=b, oz2zh)=0 (4b)

To weet the boundary condibions ou & , we seledt a soluwdion (’ov the
Gyeew’s {umct'\ov\ o&'\;\\e%

Glop;gi¢)=

oYW
0 (-]
Gl pi8) = 2, dmPigie) sn(5T0) = Z; Amipigielen(re) 2
J -
Su\:s-\i-hdiwb () (W (Ju-163) \eeds T m:}-;;;z, 3.



S [z 142.- -mﬂam(mmm(rﬂ 5(3-1"35(#'*‘\ (=)

wme2,. wa
Muﬂw\“\v\a \no sides of (3) \: sin( s 4:\ \wl!%\'dm% from 0% ¢, |
omd uaLwg the ovf(«o%oho.h% cowl\*Uows 0{- (M-‘(&\\ ol (14-48k) leads T
S’Ag _‘A_ (S"’o "')3M" -'-*M(W‘W(f -8") @)
the \M\Mbcaemnm ,Fww» of (4) s
33!“-&- 4.?11“ yﬁ - )%m =0 C )
'l'\\w; s 'b»o adidon o1e
9o = ATy (g + BuTiu (B for pep! 6
g = Cm Ty, (814 Do (89 for gop (6k)

Siwee the boundosy conditiom in p for this proklen ove the some sotfose
of Hdolew 14-12 -:-Qms we com write waing(6)-(8b), ) and (a)-(6b)

¢ sduhion for O o

- [:rr(aog )"XY\‘(&L][J (B5)-ol Ve (e,g-]sm w) (7a)

%o S as gs 3
e
7 [Seef)-oYr (B“’][J' (&)%Y (!,;)]sm(«:‘) (av)
¢o ( \V ? ?<\°

Cowt?d.



4413 contd. | wheve o= M’ﬂ (&)

Ye (Bo?
_ To(8k
h Y:crm (85
= T (Be) Yo (Bob)-Tr, (B0 Ye (&0)
(3\‘)\ L ) Y\' (Boa\ YY (;e b) CBC)

‘“\v\s the Giveev's {:umc*.iov\ OF (?) com be weitken as

® I\m (3.9‘\'8Yhy¢.(3°j") ST i
-“Q%l,,-{ %&Y\v EI%,(M)-&Y,E(M\ (.é:ﬁs (‘.'QQ,)
aLps P (aa)

G(Ys¢3 g',¢'3= 1
e N%(B,gt\-d\’w%.(ﬂ.f')} Yo (B )5 ) s (4
%%ﬁ:r &R [Il;g s ";(.j‘l‘ b(ﬂ } ((f))

A445] The colwhion %o this Problews proceeds in Hie saume woy wnlil we
veodh (14-1856), ov

G (3,4, ¢\ = %m%m(gj pode™ 1)
--z wd
p S . 2+ (- 8 )gu = LTy )

-52)-(I¥
(2), we will selodk o sevies form,, We write the desved sevies soludionas

o
o 5141 = == LAl (BB (1) 5)

Mow ivss{eo& of wing o cleted &Sm«.-u’fa‘a ‘;l-&‘q éi_\u._mg(- Guig; 1) oft



Y=gy

Since Hhe Greads fundion wugd e fivite wyheve, \'v«c\uﬁu& j:o_"l:(«o.s\
%M(SS ) wuh afto be fiwite wws&w\\wt(imlu&ua S:o).'ﬁ\wa =0Thevefore
%M(fj.?\a $)= %‘i _‘Amjm(ﬁm“ﬂ o{.tl«o fom of (-56) (&)
Now we cpplythe béuv«&o«vo cowdibion of C14-14aa)uhich leads o
%M (g =0y S\:‘M =ME\‘2| ”A\\m (3\44;33‘,“ (6,“&\ =0 DR =Ny Yok o} Bessel

function Jim
“hus B (S, % f": ',‘*2 N (s)
N2, I Tu(B,D , Bz @)

TThe coludion for Am (p;9,0) as given b% (€] Bi(wzs chosen ®
Sokisty the howwgencus differekiod equakion of

LT, dlm(op2 - MEVT =0 where () in (14-56)is
T I =T (Bunf)
gu\oS'\'l\:dm% (6) wm (2) we Com wvit:qa;\oy the fovm of (14-5Y)

® - . =
%‘{f %“' %@Pﬁl?“*(}@&-gsmgjm} AVM - i._;s' (9_9,) @.\

Su'\os%.i'\-.w'tiwa& ) in(8) leadts ‘

& 2 (8 -i‘"‘"’

V‘Z:“-zl“ AMV\(BD-{S\\M)ST\\’\@M\; \: %—F- S(r.sl\ @")
Sinte the etgenfumchion Ty (Buyp) ove ovtlogonsd cver the iudevond
ot o for Hhe sowme vatne of wy ok dAf{evenk Vol of n (wwith e



4415 contd. wt\%\/(’r.'m% -(.’um.tfom p) o T4 I2]
o 4 p=h
S _? jm(amf\jm(ﬁmpj\{f =S‘“PN W\MS“P=§ 0 "PiV\- (-_\o)

-]

-E\Aw\ W R ww.uip\ \o'\'&\ s\&os oG(‘i\ 5'3 J, (ﬁm g\ awd .m*e vocke f vour
0 & a. FDQW\% -Un\s%w& Miw& Kok e 8

&&g -IW\ (wa\g\T\“ .(Bup T\ag :{

%‘_7- I:-H ( Bm\ﬂ PN @)

e com wrike Yok °© PEN CRLY!
..'wb’

AN T ) G T fe) (2
)

= e‘JWb T (3\»\;\ f ) (1 2a)

R T A
T\ANQ&M- Am 8y §58) of (61 com be wvovitkew aa

v\ o = 1 'SMS 8
PSS D TR o e Dulbp) (@)
uf*'mm\&a the Greews funchion (5,8;¢.¢) of (1u-157) com bewrittmas

Gp,4¢,9) = 1‘-% imjm@ud')jm(&naémw) (44)

O wa-on | W=



To sole this problem, it is easiev o atsuwe thot He poivtsoure

(). of Tigure P44.20 is locoked ok the ovigin.. w‘/:m Hod is dowe, the
field vodiakel by the poimt sourie ic ouly o fumdhion o(-v (woto function
of Gor ). Thuw wi exponded, fovm. (44-166) com be writtn as

906G e = % 2 2= 4 -
LEIE R e A @
with  G{r=o) = finite (1a)
Sinte. G, is ouﬂ.al; Runckion of v, @'\tcm e wv'\tbmxo.s ‘
£, 2 486 = A serlaraniipd it
A solwhiown o{— the \\omo%ev\eous {form of @) toket the fovm of
Y 4B
< Aed Lge?
Gix)= A S~ +8&_ @)

For an ei“”" time cowvenkion _"HA«- boun dewy Gouditron of(#a)
ollowt Mt wiite thed B=0. Thus &) ::}Auu’to
-6V

a= Ag.;@ @)
To evoduake the toeffiumk A wi @), we can integrate t2) ovev
om tnfinibesimod uslume whith surrounds the ovigin and t thew
allow e valial dwoure ¥ % opproach 2t (v-50). Doing ths
we find thok  A=- -}* which allows ug & wrike (4) as

Gl )= - = (5)

When the sowte is vemoued Fnu« the o\"lﬁ\'v\, an < hown wa
Ftcawct Pd4.20, the Gveen's Lumetion of () coun ke writken as
G =-L -Sﬁg-;- 4 e-sa\!-rl\ 3

ol v T

il

(). The veduthow b e thvee~dimenioncd Grem’s fumction of 6)
% Hak of the tno-dimensional eue of Example, is obtaied b
the we of the m)co%'coi of (a1-28). Thiy allows uyh wedum‘t?t
thyee~ diwmewyyonal. paoklews & & too~diwe waioual one .



