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Megsure —
Definition,
Real Analysis — Measurable cets and  Functions

apen
measare of sk S = wm ) = min  —co<al \e.ng*'t.h oF 1 interwals
covertng set 3
2 S = (o,%+) U (_5/‘1)1) 15 covered by intervals

(0,s) and (34,1) whose
total Lena'{:h s Ya+Vy = Yz,
se m9 = 2 We alse note that no other
aollettion of open interals
whose. union comtaias (covers) S

will have combined 1&.3156 < W,

det € 8 measurable = For every 3et K that one Mijht chooge ,
mnXtB = m(4en) + wm( e where

L3
~% s couflenen’t

of RS
240 s mS =0 implies S is measurable

pF1 wWe always have mBXE m ()({\5) +m (Xﬂ‘vﬁ).
This holds because we have ;FlH: X into +wo
pieces, and  the covering3 for the <we pieces
may be less efficient +han the cdovering for X.

Now  XAS & S so m(xas) @m(s) =o
sinde we dan use the same cwen',y For Xas
that we used Fr S and have zero Lotal
length for this coveriag. Since m () 20 always,
we conclude  Hhat m(xAs) =o0.

Alse XA~$ < X do m(xa~3) &€ mX.
mXZ m(xa~s) + m(xns)
Since we alse had  mXE m(xa~8) + m(xns)

we denclude  that mX = m(xA~8)+m(xns),
Then by . definition S i3  measarable.
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The  Family V4 of measurable gSets coatains-.

1 g empty set

2) R eatire real aumbers

3) (a,b)  any open ‘interval or even any open get

“) Cayjbl any ¢losed interval W n Y alosed !

5) ~S  complement of S for any S wmeasurable

¢) lgs; union of coantably infinite collection of wneasurable sets s;
7) N's, intersection * ’ ' oo v
8) Eq,w) half- line

M is a c-algebra = Ttems (5)-(7) above mean that A
or Borel field ‘% a - q\sebm Cancther name is
Borel  field ). The idea is that
M 48 closed ander the operations
of anion and intersections m,,me &4
then m;Amy € # and mUm, € L.

B iv +the collection of Borel gets =  Smallest sijmq alje.hrq
dorrtalninj all open sets.

en. Every Borel set is measurgble.

Hx) is a measarable  Function = For any number ® =real # or Lo

T x: £ > F 15 measuarable

x)
v Hx) = x  on = Lo, 11 ' ‘ :
o« FeoAl--d
0 : X
m % x F(}t)>et5 = \—-a for 0<4ms] -

clearly measurable
m ix. F(x)2ey =0 for x>1

still measurable

£#x) g measarable.




. Neasure —
a..f;,:i}m}, 1220 Real  Analysis —NaMeasurable

For every X = real # or L,

sets  and Functions ( “-;U\‘_,)

F(x) i3 a Rorel measarable Function =
A Ix: Fx) >wxX s a

Borel get.

funetion s a measurable Function.

2. A Borel wmeasurable

Does one encounter nonmeasurable Ffunctions in pmc-tice?.

A. No.

i3 3«421’:3 difficult 4o condott a nonmeasurable
T‘he)r are abs'bmc't(y
Stqndard

It
set or nenmeasurable Function.

Aefined and are Fa'\‘ﬁa(agical cages. The
example ig defined point by poirt:

Lo,1). Divide [o,t) inte

i Consider real numbers in
: an  infinite aumber of setd as Follows:
Pt s and * are real aumbers andl -t ;g

a rxtional number (ratic of integers) +then 3
and £ are n the Same set.

-

For example, one set cortains all the rational #'S

between 0 and 1: 30, ', V3, ‘m Vs, V3, V4, .}

Ancther et containg  W/4 t rationals (T, X4='2 Tty v\, .

pnother  seh comtains W T retimals: TR, VAT, YRYe,..

Now Create a set S  which contarns exactly one
element from each of the above pets: W8
S= %0, ™, Wz, ..}

Then 9 is nek  measarable,

pF:  Create sets S@®ry Ly qcl).lunj rational number r{
to every element of S, Use modulodarithmetics

¥ s+r. >l dthew resutk shald be s+ri-l. (over)
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Real  Analysis —aMeasarable sets and  Functions  (eamt.)

Now U 9® r, = Lo, ). Union  comtains all
m:‘.imL pts in o)1)
Also 20r, N S&r =9 for 1#). The sets

As net  intersect.

and all +the S&r; must have +the gcame measure

becanse they all  have the same aumber of
pts  which are distribated the sime way
in (o, 1). '

2 m(Ser, ) since S@&r do

Then m<U Sory)
rL 1 f':.

L — not 'm'{:eraed:“
=M to, \\ 1.

Since  there infintely many ri and every Sér;

has +the sawe measuare we Aave:
L=mbop) = 2 m (Stry = coem(S)

If m(S) =0 then we must have o0 =1, but
usually ~we define 00°0 to e O in real analysis.

If m(s) #0 we would 79.'{: @+ gongt = 0, put
this (s wrong since we must qet  m Lo, )= 1,

We conclude that S is sot measyrable.

Moral s  Nonmeasdrable  Sets are dncommon and may
be uviewed as abstract curiosities. In the
above example we fourd a  product o0
mak.'nj an appearance. What is really at the
heart of proé/eus where o006 appears 3 always
the issae of cardinality (ie. sizes) of sets. The
set of real #'s is mach larger 1‘@: the set of
rationa( #13, aad the méomls 4redun‘m(ée. in Aumber.

We had nfinitely many Stry,each cocining infinitely maay point:




