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Taylor Expansion Diagrams: A Compact,
Canonical, Symbolic Representation with

Applications to RTL Verification

I. INTRODUCTION

This paper presents a new compact, canonical, graph-based
representation for algebraic expressions and Boolean func-
tions, called Taylor Expansion Diagram, or TED. This dia-
gram, due to its efficient representation and the canonicity
property, can be exploited to facilitate equivalence checking
of high-level (say, RTL) representations of digital designs.

Increasing size and complexity of digital designs has made
essential the need to address critical verification issues at the
early stages of design cycle. This requires robust, automated
verification tools at higher (RT or behavioral) levels of abstrac-
tion. For this reason, formal verification and design validation
methods, such as model checking, equivalence checking, and
symbolic simulation, etc. have become an important part of
the overall design. There exist tools for equivalence checking
of designs implemented at lower levels of abstraction, such as
gate-level and circuit/layout level. However tools that can ver-
ify equivalence of two high-level specifications have not yet
achieved the desired degree of automation and maturity. This
is partly because RTL descriptions often hide implementation
details of logic blocks and leave the issue to be resolved at
the next level of abstraction. Dealing with more abstract and
less detailed descriptions should make a verification job eas-
ier. However, researchers have generally had difficulties in
automating the abstraction of symbolic word-level variables,
while simultaneously modeling their interaction with bit-wise
expanded Boolean variables.

While formal verification systems such as [1] [2] are gen-
erally geared towards verification of control-dominated appli-
cations, verification of designs with arithmetic data-paths is
mostly confined to bit-level representation [3] [4]. Attempts
have been made in the realm of formal verification techniques
that address the issue of abstraction of symbolic, word-level
variables. Such attempts can be widely found in theorem-
proving techniques, automated decision procedures for Pres-
burger arithmetic [5] [6], techniques using algebraic manipu-
lation [7], or the ones based on term re-writing using attribute
syntax trees [8], etc. Yet, the issue of verification of large
designs, say, equivalence checking of RTL descriptions with
complex word-level (arithmetic) and bit-level (Boolean) inter-
action has not been satisfactorily addressed.

A significant number of approaches have been proposed to
extend the capabilities of verification engines to target arith-
metic units while modeling their interaction with Boolean
logic. Majority of these are based on generic Word Level
Decision Diagrams (WLDDs), graph-based representations of
functions that allow to represent functions with a Boolean
range and an integer domain. Examples of WLDDs are MTB-
DDs [9] [10], EVBDDs [11], *BMDs [12], K*BMDs [13],

FDDs[14], KFDDs [15] HDDs [16], etc. A good review of
WLDDs can be found in [17]. While *BMDs and K*BMDs
have had some success in verifying arithmetic circuits, they
are inefficient in verifying complex polynomial expressions of
higher degree. For example, to represent function

���
, with

�
represented as � -bit vector *BMD requires space ����� �	� , and
K*BMD require ���
��� � [17].

Most existing decomposition methods for WLDDs are based
on a point-wise, or binary decomposition of Boolean function.
Different flavors of Boolean decomposition (Shannon, Davio,
Reed-Muller, Kronecker, etc) lead to different Decision Dia-
grams, with or without edge weights (BDDs [18], EVBDDs
[11], FDDs [14], KFDDs [15], etc). By extending BDDs to
allow numeric leaf values, the point-wise decomposition leads
to different Multi-terminal BDDs, or MTBDDs [9] and Alge-
braic Decision Diagrams (ADDs) [10]. The decomposition at
each node is still binary and leads to exactly two terms, while
the multiple leaf nodes hold integer constants.

Binary Moment Diagram (*BMD [12] ), and its derivatives
(such as K*BMDs [13]), depart from such point-wise, binary
decomposition, and perform a decomposition of a linear func-
tion based on its moments (constant and first moment). There
are weights associated with the graph edges, which are com-
bined multiplicatively. Several rules for manipulating edge
weights are imposed on the graph to allow the graph to be
canonical. Most of the arithmetic operations (

���������������
,

etc) have the representation that is linear in the number of vari-
ables. However, the size of

���
is polynomial in the number

of bits of
�

, for � larger than 2. K*BMD attempts to make
the BMD decomposition more efficient in terms of the graph
size. This is done by applying a set of decompositions in a
single graph, and allowing both the multiplicative and addi-
tive weights assigned to the graph edges. However, a set of
restrictions imposed on the edge weights to make it canonical
makes such a graph difficult to construct; time complexity is
exponential in worst case, as it is for *BMDs.

Our Contribution: Our representation is based on an entirely
different decomposition principle. It is obtained by treating the
expression as a continuous, differentiable function; the decom-
position is performed along the word-level, algebraic variables
using Taylor series expansion. At each decomposition level,
the expression is decomposed along one variable. The result-
ing Taylor Expansion Diagram (TED), is canonical for a fixed
ordering of variables. For expressions corresponding to multi-
variable polynomials, the number of decomposition terms at
a given level is finite and equal to the degree of the polyno-
mial in the variable at that level. The efficiency of TED comes
from its compact canonical representation. For algebraic ex-
pressions typically encountered in RTL specifications (such as
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� � � �� � � �� �
for arbitrary � , etc) it is linear in the number

of variables. In fact, this is the first representation known to us
that allows to represent complex arithmetic functions in linear
space for polynomials of degree higher than 2. At the same
time, the CPU time needed to generate the representation is
comparable to that of *BMD.

Moreover, Taylor Expansion Diagrams can also be used
for functions containing both algebraic and Boolean expres-
sions, facilitating the representation of arithmetic functions
with bit-nibbling and Boolean logic, typically encountered in
RTL specifications.

II. TAYLOR EXPANSION DIAGRAMS
In this representation the variables of the system are repre-

sented as real numbers (in practice they they will be imple-
mented by integers, but no such assumption is necessary to de-
rive the representation). Assume a regular algebra (*,+) over
real numbers

�
, with integer coefficients (bounded integer co-

efficients are assumed here to avoid problems with finite pre-
cision).

Let � ��� �� ��	�
� � be a real, differentiable function correspond-
ing to an algebraic expression � . Using Taylor series expan-
sion w.r.t. variable � at an initial point, ������ , the function
can be represented as:

� ��� � � � ��� � � ����� ��� � ���� � � ��� ��� � ���
�	�
�
(1)

where � � ��� �  � � � ��� � , etc, are first, second, and higher deriva-
tives of � w.r.t. � . Subsequently, if those derivatives are in-
dependent of variable � , they can be further decomposed over
the remaining variable using Taylor series expansion, one vari-
able at a time. The resulting decomposition can be efficiently
stored in a decomposition diagram, named Taylor Expansion
Diagram, or TED, which is the subject of this paper.

A. Construction of the TED
TED is a directed acyclic graph ��� ��  � �! � , representing

an algebraic expression (multi-variable polynomial). � is a
top function representing the algebraic expression in question.�

is a set of nodes, and
�

is a set of directed weighted edges
connecting the nodes.

!
is a set of terminal nodes. The single

top node ( "$#%#$& ) represents � . Its arcs point to the non-empty
derivatives (children nodes) of the function, w.r.to a variable
associated with the root. This decomposition structure is ap-
plied recursively to all its children nodes, resulting in the Tay-
lor expansion diagram.

Every node ' has a label (index) ')()" ��' � which identifies a
decomposing variable. The variables of the TED are ordered.
The function at node '+* �

is determined by the Taylor se-
ries expansion, according to eq.(1). The internal nodes are in
one-to-one correspondence with the successive derivatives of
function � ��� � evaluated at �,�-� : � ��� �  � � ��� �  � � � ��� � , etc. The
out-degree of each node ' depends on the order of the polyno-
mial function (w.r.t. its decomposing variable, ')()" ��' � ), rooted
at this node. The out-degree of a terminal node '.* !

is 0.
The function of a terminal node is constant (integer).

Figure 1 shows a one-level decomposition of function � at
variable � , and the notation used in the text. We shall re-
fer to the � -th derivative of a function rooted at node ' with
'/()" ��' � �0� as a k-child of ' : � ��� = � � is a 0-child, � � ��� = � � is
a 1-child, � � � ��� = � � is a 2-child, etc. We shall also refer to the

corresponding arcs as 0-edge (dotted), 1-edge (solid), 2-edge
(double), etc. Notice the implicit multiplicative factors asso-
ciated with each arc: � � � � for the 0-edge, �213��� for the
1-edge, � � for the 2-edge, etc. Furthermore, the graph edges
are assigned weights, computed directly from the coefficient
of Taylor expansion.
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Fig. 1. Decomposition node in TED.

Figure 2 shows a few examples of TED representation for
some simple algebraic expressions. Note the additive and mul-
tiplicative weights assigned to the edges.
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Fig. 2. Examples of expressions represented with TED

Notice that the computation of the derivatives, and hence
the children of � , performed recursively, is trivial for polyno-
mial functions. Complex expressions can be composed from
the simpler ones using simple composition rules and the COM-
POSE operators described below. Here we will only describe
the ADD and MULT operators; the subtract (SUB) operator can
be obtained by a combination of ADD and MULT by -1.
B. Composition Rules - the ADD and MULT Operators

The general composition process of two TEDs is similar to
that of BDD’s APPLY operator in the sense that it is a recursive
process. However, the specific composition rules for TED dia-
grams are different as they must satisfy the rules of the algebra
(
� �4  �

). Furthermore, the two basic operators on TEDs, add
(
�

) and mult (
�
), are each governed by different rules.

Starting from the roots of the two TEDs, we construct the
TED of the result (for a given operation) by recursively con-
structing all the non-zero terms of the two functions, and com-
bining them to form the diagram for the new function. To en-
sure that the result is reduced, the REDUCE operator, described
in Section III, will be applied afterwards.

Let 5 and ' be two nodes to be composed, resulting in a new
node 6 . Let ')()" ��5 � ��� and ')()" ��' � � �

denote the decompos-
ing variables associated with the two nodes. As explained be-
low, '/(7" ��6 � assumes the variable with the higher order among
the two: ')()" ��6 � �8� , if �:9 �

, and '/()" ��6 � � �
otherwise. Let

� �; be two functions rooted at nodes 5  ' , respectively, and <
be a function rooted at the new node 6 . Finally, let

!
be a set of

terminal nodes; for ':* !
let '/(/=���' � denote the value of node

' (constant).
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In the following, only constant (0-) and linear (1-) edges are
considered for a given node, but the analysis is equally appli-
cable to an arbitrary number of children at each node. In con-
structing these basic operators, we must consider the following
cases:
1. Both nodes are terminal nodes, 5  ',* !

. Then a new ter-
minal node 6 is created as follows

ADD: 6�� ��5 � ' � : '/(/=���6 � �.'/(/=���5 � � ')(/=���' � .
MULT: 6�� ��5 � ' � : ')(/=���6 � �8'/(/=���5 � � ')(/=���' � .

2. At least one of the nodes is non-terminal; proceed according
to the variable order.
(a) If the nodes have the same index then ')()" ��6 � �.� .

ADD: 6�� ��5 � ' � :
< ��� � � � ��� ��� ; ��� � (2)

� � ��� � � �� � ��� ��� ; ��� � � � ; � ��� �
� � � ��� � � ; ��� ��� � � � ������� � � ; � ��� �����

That is, the corresponding k-children are paired accordingly.
MULT: 6�� ��5 � ' � :
< ��� � � � ��� � � ; ��� � (3)

� ��� ��� ��� �������� ��� � � ; ��� � � � ; ����� ���
� � � ��� � ; ��� ��� � � � � ��� � ; � ��� ��� � � ��� � ; ��� ��� � � � � � � ��� � ; � ��� ��� �

Here, the 0-child of 6 is obtained by pairing the 0-children of
5  ' . Its 1-child is created as a sum of two cross products of
0- and 1-children, thus requiring an additional ADD operation.
Also, an additional 2-child (representing the quadratic term) is
created by pairing the 1-children of 5  ' .
(b) If the two nodes are indexed by different variables,

'/(7" ��6 � = � ()� ��'/(7" ��5 �  '/(7" ��' ��� . Let #$"
	 ��� ��� #$"
	 � � � .
ADD: 6�� ��5 � ' � :

< ��� � � � ��� ��� ; � � � (4)

� � ������� � � ����� ����� � � � ; � � �
� � � ��� �.� � � ; � � ��� � ��� � ��� ��� � �

That is,
; � � � of node ' is added to the 0-child of node 5 , while

the 1-child of 5 remains unchanged.
MULT: 6�� ��5 � ' � :

< ��� � � � ��� � � ; � � � (5)

� ��� ��� ��� � � ���� ��� ��� ��� � ; � � �
� � � ����� � � ��; � � ��� � � � ����������� � � ; � � ���

Here, all the children of node 5 are multiplied by
; � � � of node

' .
Notice that this case covers also the case when one of the nodes
(in this case ' ) is terminal (

;
is constant).

Figure 3 illustrates the application of the COMPOSE proce-
dure to two TEDs.

III. PROPERTIES OF TED REPRESENTATION

In this section we describe the construction of a reduced
TED and prove its canonicity. We also discuss the complexity
of the TED representation, and compare it with other known
representations based on decision diagrams.

The reduction of the TED representation is based on the
removal of redundant nodes and merging of isomorphic sub-
graphs.
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Fig. 3. Example of MULT composition: (A+B)(A+2C)

Definition III.1: The node is redundant if: 1) all of its
edges are empty (point to terminal node 0); or 2) the node con-
tains only a constant term (0-edge). In both cases, the parent
of node ' is routed to the 0-child of ' (which in the terminal
case is terminal node 0).
Notice that the meaning of node redundancy is different here
than it is for BDDs. Edges with multiplicative (additive)
weight 0 may arise during the construction of TED when mul-
tiplying (adding) two TED’s. Furthermore, all edges of a given
node are allowed to point to a common node.

Two TEDs are considered isomorphic if they match in both
their structure and their attributes. More precisely:

Definition III.2: Two Taylor expansion graphs,  and  � ,
are isomorphic if there exists a one-to-one mapping function� from the vertices of  onto the vertices of  � such that for
any vertex '�*� if � ��' � � ' � *� � , then either 1) both '
and ' � are terminal vertices with '/(/=�5�� ��' � � '/(/=�5�� ��' � � , or 2)
both are non-terminal vertices with indices '/()" ��' � �0')()" ��' � �
and � ��� <�� =�	 ����	 ; � � ��' ����� ����<�� =�	 ����	 ; � � ��' � ��� , for all non-
empty � -edges, and the corresponding edges have the same
edge weights.

Note that since a TED contains a single root, and the chil-
dren of any non-terminal vertex are distinguished, checking for
isomorphism on TEDs is as easy as that for BDDs.

Definition III.3: A Taylor expansion diagram is reduced if
it contains no redundant nodes and has no distinct vertices '
and ' � , such that the subgraphs at ' and ' � are isomorphic.

We also assume that the TED is ordered: on all paths from
root to terminal nodes the variables appear in the same order
and each variable appears only once in each path.

It now remains to be shown that such constructed ordered,
reducedTaylor Expansion Diagrams are canonical for a fixed
variable ordering; i.e. every algebraic expression is repre-
sented by a unique Taylor expansion diagram. We state the
following theorem.

Theorem 1: For any algebraic expression � of polynomial
form with integer coefficients, there is a unique (up to isomor-
phism) ordered, reducedTaylor Expansion Diagram denoting
� , and any other expression for � contains more vertices; i.e.
an ordered, reduced, TED is minimal and canonical.

The proof of this theorem is conceptually straightforward,
following the arguments to prove the canonicity of ROBDDs
[18]. For this reason and stringent typesetting/page restrictions
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on the manuscript, the proof is omitted.
From the above discussions it follows that an ordered and re-

duced TED is a compact, canonical and efficient representation
that can be exploited for RTL equivalence checking purposes.

A. Complexity of the TED Representation
For linear expressions, the space complexity of TED is the

same as *BMD, i.e., linear. This is also true for multipliers,� � �
, regardless of the size of the bit vector representation,

since the product of two or more different bit vectors leads to
polynomials that are linear in the number of the bit variables.
For polynomials of degree � 9 �

the size of *BMD grows
����� � � with the number � of bits. For K*BMD the represen-
tation also becomes nonlinear ( ����� ��� 1 � ) for polynomials of
degree 3 and higher, while TED remains linear in the num-
ber of bits, regardless of the degree � . We state the following
theorem:

Theorem 2: Let variable
�

be represented as a bit vector of
width � :

� � ��� � 1��� � � � � � . The number of TED nodes needed
to represent

� �
is � �
�	� � ��� � �

Proof: We shall first illustrate it for the quadratic case
� � �

. Let 
 � be an � -bit representation of
�

:� ��
 � � ��� � 1�� � � � � � � ��� � � 1���� � � 1
� 
 � � 1 where


 � � 1 � � � � ��� � � � � � is the part of
�

containing the lower
( � -1) bits. With that, 
 �� � � � � � 1 � � � 1

� 
 � � 1
� � �� � � � � 1���� �� � 1

� � � � � � 1 
 � � 1
� 
 �� � 1

�
Furthermore, let


 � � 1 � � � � � � � � � �
� 
 � � �

�
, and 
 �� � 1 � � � � � � � ��� � �� � �

�
� � � 1 � � � � 
 � � �

� 
 �� � �
� �

Notice that the “constant” term (0-edge) of 
 � � 1 w.r.to
variable � � � � contains the term 
 � � � , while the linear term
(1-edge) of 
 �� � 1 contains

� � � 1�
 � � � . This means that the
term 
 � � � can be shared at this decomposition level by two
different parents.As a result, there are exactly two non-constant
terms, 
 � � � and 
 �� � � at this level.

In general, at any level = , associated with variable � � ��� ,
the expansion of terms 
 �� ��� and 
 � ��� will create exactly
two different non-constant terms, one representing 
 �� ����� 1
and the other 
 � ����� 1 ; plus a constant term

� � ���
. The term


 � ������� will be shared, with different multiplicative constants,
by 
 �� ��� and 
 � ��� .

This reasoning can be easily generalized to arbitrary integer
degree � ; at each level there will always be exactly � differ-
ent non-constant terms. Since on the top variable ( � � � 1 ) level
there is only one node (the root), and there are exactly � non-
constant nodes at each of the remaining ����� � � levels, the total
number of nodes is equal to � �
��� � � � � . �

IV. REPRESENTING BOOLEAN FUNCTIONS AND

BOOLEAN-ARITHMETIC INTERACTION USING TEDS

Taylor Expansion Diagrams, as defined in Section II, treat
the function in question as a real differentiable function and
represent variables as real numbers. For this reason, it is clear
that such a representation would be ideally suited for represent-
ing algebraic expressions (multi-variate polynomials). While
TEDs are directly applicable to checking the equivalence of
two, arbitrarily complex, algebraic expressions, our ambition
is to make the TED also applicable to a more general veri-
fication problem, namely to symbolic verification of realistic
RTL designs containing arithmetic data-paths interfaced with

Boolean logic. For TEDs to be useful in such a context, it is re-
quired that it be represent Boolean logic efficiently and that it
also model the interface between Boolean and arithmetic parts
of the design.

In this section we propose enhancements to the TED rep-
resentation so that it can properly handle Boolean logic and
interface it with arithmetic datapath units of the design.

Recall that TEDs have been devised for functions with inte-
ger range and integer domain. While restricting integer range
to � 0,1 � is trivial, such a restriction for the domain of an integer
function requires a modification of the corresponding algebraic
function to assume Boolean values. This is described below:

A. Representing Boolean Logic with TED

We define TED operators for Boolean logic, where both the
range and domain are Boolean. Correct derivation of the oper-
ations must be based on the rules of regular algebra

� � � �4 � ,
and not on Boolean algebra; furthermore the individual terms
must be disjoint. Analogous to their *BMD counterparts, the
following formulas can be derived for basic TED operators
for Boolean logic (or BTED operators): � � ! ��� � � � � �
� � � � � �"! �$#���� �� � � �&% � � � 4 �'� � � ���  � � �0�&( � �
� �3� � � 4�'��� � � ���  � � �.�*) � ��� � � � � 4 � 4�

. Any cir-
cuit containing purely Boolean logic can be easily represented
using BTEDs.

B. Interfacing Arithmetic and Boolean logic
We already know that a purely Boolean circuit represented

with TED (BTED) will always correctly compute its Boolean
logic value. It now remains to show that modeling the interac-
tion of an arithmetic or word-level variable with one or more
Boolean variables gives a correct representation of the result-
ing arithmetic, integer-valued function.

We claim that the only case that remains to be considered
is the occurrence of Boolean variables � � , with � 9 �

(e.g.
� �  � � � � �   � algebraic expression, � *+� �  � � ),
as they are the only ones that can possibly lead to incorrect
computation of arithmetic values. This is because the functions
are arithmetic (integer-valued), their computation is based on
� �  � �4 � algebra, while the variables can be both the word-
level, with an integer range, and Boolean, with range � 0,1 � .

The arithmetic ADD function will never create incorrect re-
sults over Boolean and arithmetic variables. For example,
�0�  �.� � � �  � � � will always produce the correct re-
sults for �:* �

or for � *,� �  � � . However the MULT function
may create powers of Boolean variables, � � , thus potentially
leading to problems in evaluating the function. Moreover, this
may only happen for variables that are related through their
expansion; for example, when multiplying a word-level vari-
able

� � � � � 1��� � � � � � and a Boolean variable � � , for some
=.- �	� � . Notice that for � */� �  � �  � �.� � � � � � � � � , for
� 9 �

. Hence, in this case we may replace all the occurrences
of � � with � , without changing the value of the function. This
allows us to correctly evaluate the value of the function with-
out really changing the Boolean nature of the variable � . This
modification allows to model the Boolean-algebraic interface
of variables for TED representation as shown below: MULT:
6�� ��5 � ' � :<���� � � � ��� ����; ��� � � ��� ��� � � ���� ��� ��� � � ; ��� � � � ; � ��� ��� (6)� � � ��� � ; ��� ��� � � � � ��� � ; ����� ��� ��� ��� � ; ��� � � ������� � ; � ��� ���� (7)
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as obtained by replacing � � term by � . It can be shown that
the modified BTEDs are canonical and can be directly used for
equivalence checking of RTL designs. In the next subsection,
we describe how we can use the above modifications to TEDs
to represent complex RTL descriptions of digital designs for
equivalence checking purposes.

C. Application to RTL Verification

Consider the two circuits shown in Fig. 4. They correspond
to two different high-level (RTL) implementation of equivalent
designs that need to be verified for equivalence. Their corre-
sponding equivalent expressions are: � 1 ��� 1 �

! ��� � � ! �� � � � � ��� 1
� # and � � ��� � #

� � � ��� �
� � ! � � � � � , where

!
and

�
are � -bit arithmetic variables, and ( � �� � are Boolean

variables (bits), related to
! ��

. To prove the equivalence
of the two arithmetic expressions, the TED representation is
constructed for each design. First, the arithmetic variables

!
and

�
are partially expanded as follows, to facilitate the “bit

nibbling” with ( � 	� � : ! � ��� ��
 1�� !� � � � � ( � � ! ��� �	� �� � ��
 1�� �� � � � ��� � ��� ��� � Here,
!�� � ���� � , and

! ��� 	� ��� are
arithmetic variables (not expanded into bits) of word-length
( � � � � � ) and � , respectively, and ( � �� � are single bits. The
TEDs are built for � ! � � � � ! ��� �

from its components. The
TEDs for the Boolean logic � 1


� � are then constructed, and

composed with the corresponding arithmetic functions at the
inputs of the MUX.
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Fig. 4. Equivalence check for two RTL designs using TED

The bottom part of Figure 4 shows the isomorphic TED for
both of these designs, demonstrating that they are equivalent.

V. CONCLUSIONS

This paper has presented Taylor Expansion Diagrams: a
new symbolic, compact, canonical representation that can effi-
ciently represent not only both arithmetic and Boolean func-
tions, but also model the interaction between them. This
representation is based on a new, non-binary decomposition,

that treats the arithmetic expression as a continuous, differ-
entiable function over symbolic (algebraic) variables and ap-
plies the Taylor series expansion. We presented the theory be-
hind the TED, proved that it has linear space complexity and
and showed that when reduced and ordered, TED is canonical.
We also presented a modification that allows TED to properly
handle a combination of arithmetic circuits and Boolean logic,
while preserving the canonicity property. The proposed repre-
sentation can be exploited for equivalence checking of RTL
specifications containing complex interaction between arith-
metic and Boolean parts of the design.

We are currently implementing the TED package to be used
by verification tools for equivalence checking. We wish to
evaluate its applicability to realistic designs that contain arith-
metic circuits with Boolean logic. While we do not have re-
sults to demonstrate the effectiveness of TEDs for verification,
we believe that this new theory will significantly advance the
state-of-the-art in the symbolic verification arena.
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