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Abstract: Polynomial computations over �xed-size bit-
vectors are found in many practical datapath designs. For
e�cient RTL synthesis, it is important to identify good de-
compositions of the polynomial into smaller/simpler units .
Symbolic computer algebra algorithms and tools have been
used for this purpose. However, �xed-size (m) bit-vector
arithmetic is polynomial algebra over the �nite integer rin g
Z2m , which is a non-unique factorization domain (non-UFD).
While non-UFDs provide an extra freedom to search for de-
compositions, they complicate polynomial manipulation as
traditional division-based algorithms are inapplicable.

This paper presents new mathematical concepts for poly-
nomial decomposition over Z2m , for RTL synthesis over �xed-
size m-bit vectors. Given a polynomial, we identify a speci�c
set of linear expressions and compute the Gr•obner bases of
their ideal (over non-UFD Z2m ) using syzygies. This basis
serves asgood building-blocksfor the given computation. A
decomposition is identi�ed by subsequent Gr•obner basis re -
duction. Experimental results demonstrate signi�cant are a
savings due to our approach, as compared against contempo-
rary datapath synthesis techniques.

I. Introduction

RTL descriptions of integer datapaths that implement
polynomial arithmetic are found in many practical applica-
tions, such as in Digital Signal Processing (DSP) for audio,
video and multimedia applications [1] [2]. Arithmetic data -
path intensive designs implement a sequence ofadd, mult
type of algebraic computations over bit-vectors; hence they
are generally modeled at RTL or behavioral-level as multi-
variate polynomials of �nite degree [2] [3]. Due to a large
number of add, mult operations in such designs, designers
often employ ingenious strategies to control the datapath s ize.
In many cases, the design choice is that of asingle, uniform
system word-length for the computations [4]. Such �xed-size
datapath computations are generally implemented using: si g-
nal truncation, rounding or saturation arithmetic [5].

In this paper, we focus on datapath descriptions that im-
plement polynomial computations over �xed-size bit-vecto rs
by way of signal truncation. In such designs, m-bit adders
and multipliers produce an m-bit output; only the lower m-
bits of the outputs are used and the higher-order bits are
ignored. Usually, such computations require appropriate s cal-
ing of coe�cients and/or signals such that \over
ow" can be
avoided/ignored and standard �xed-point arithmetic can be
implemented.

This paper addresses the problem of area optimization of
polynomial datapaths implemented with �xed-size bit vec-
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tors. Fixed-size (m) bit-vectors represent integer values re-
duced modulo 2m (mod 2m ). Therefore arithmetic imple-
mented with �xed-size ( m) bit-vectors manifests itself as
polynomial algebra over �nite integer rings of residue clas ses
Z2m . We exploit the number-theoretic properties of �nite
integer rings and develop algorithmic algebraic techniques
to search for polynomial decompositions. We present new
mathematical techniques that allow for such decomposition s
leading to an area-e�cient hardware implementation.

A. Motivation

Consider a polynomial h = x2 + 6 � x. If h is computed
over Z (integral domain), then f can be uniquely factorized
ash = ( x) � (x +6) because Z is a unique factorization domain
(UFD). However, if h is a polynomial in Z23 (computed over
3-bit vectors), it can be factorized as h = ( x) � (x + 6) or
h = ( x +4) � (x +2) because Z23 is a non-unique factorization
domain (non-UFD). This clearly suggests that, a non-UFD
(Z2m ) o�ers the potential to search for more decompositions.

To demonstrate this potential further, let us consider the
implementation of Savitzky-Golay (SG) �lters. These �lter s
are widely used in image processing applications. Typically,
an image is represented in ann � n matrix, that consists of
n2 pixels. Each pixel represents a polynomial computation
in two dimensions: x and y. Given the size of the image
matrix ( n), and the order of computation, we can generate
two-dimensional polynomial representations for each pixel in
the matrix [6]. A third order polynomial f representing a
pixel in a 6 � 6 matrix is given in Eqn. 1. The polynomial f
is computed over a �xed-size 16-bit datapath ( Z216 ).

f = 7 x3 � 984y3 � 76x2y + 92xy 2 + 7 x2

� 39xy � 46y2 + 7 x � 46y � 75 (1)

When synthesized using the Synopsys Design Compiler,f
occupies an area of 37506 sq. units.

Now, let us apply conventional polynomial decomposition
techniques on f . When factorization and common sub-
expression elimination transforms [7] [8] [9] are applied to
f , the representation of f is as follows

C = 7 x � 46y;

f = 7 x3 � 984y3 � 76x2y + 92xy 2 +

C(x + y + 1) � 75 (2)

The area occupied by this representation is 32846 sq. units.
On applying the horner form decomposition on f , we get

the following representation (Eqn. 3).

f = � 75 + (74 + ( � 46 � 984y)y)y + (74

+( � 39 + 92y)y + (7 � 76y + 7 x)x)x (3)



The implementation of this representation yields an area of
53840 sq. units.

Now, consider the following decomposition of f in terms of
a linear expression g in Eqn. 4.

g = ( x + 18718y);

f = g(g(7x + 16y + 7) + 53 y

+7) � 75 (4)

The implementation area of this representation is 28407 sq.
units. The linear expression g aids in performing the poly-
nomial decomposition leading to a cost-e�ective area imple -
mentation. In other words, g serves as a good building block
for f .
� How do we identify/generate such linear expressions that
serve as good building blocks?
� More importantly, how do we perform polynomial decom-
position using these linear expressions, resulting in an opti-
mized implementation?

The answers to the above questions are the subject of this
paper.

B. Problem Modeling, Approach and Contributions

We model arithmetic datapaths over �xed-size bit-vectors
as polynomial functions over �nite rings of residue classes
Z2m . Given a polynomial function, we derive a speci�c set
of linear expressions, which we refer to as the reduced linear
form (RLF) set. Using the RLF set, we derive the Gr•obner
basis of their ideal over non-UFD Z2m [10]. The basis serves as
good building-blocks. Note that Gr•obner basis computatio n
using the well-known Buchberger's algorithm is applicable
over the �elds of reals R, fractions Q, complex numbers C,
etc, but not over non-UFDs. On the other hand, M•oller pro-
posed an algorithm [10] that can compute Gr•obner bases of
ideals over arbitrary commutative rings. A decomposition i s
identi�ed by subsequent Gr•obner basis reduction. We show
how this decomposition leads to an area-e�cient hardware
implementation.

II. Previous work and Limitations

Contemporary high-level synthesis tools are quite adept
in extracting control/data-
ow graphs (CDFGs) from the
given RTL descriptions, and also in performing scheduling,
resource-sharing, retiming, and control synthesis. However,
they are limited in their capability to employ sophisticate d
manipulations to reduce the cost of the implementation. For
this reason, there has been increasing interest in exploring
the use of algebraic manipulation for RTL synthesis of arith -
metic datapaths. The works of [11] [12] derive new polyno-
mial models of complex computational blocks for e�cient syn -
thesis. In [2], Symbolic Computer Algebra tools are used to
search for a decomposition of a given polynomial according to
available components in a design library, using a Buchberger-
variant algorithm [13] [14] [15] for Gr•obner bases. However,
the derived polynomial models represent the computations
over �elds ( R; Q), or over the integral domain ( Z ) - (UFDs).
This often results in a polynomial approximation [3], with-
out properly accounting for the e�ect of bit-vector size on
the resulting computation. Moreover, the approach of [2] is
restrictive inasmuch as it can only search for an implemen-
tation based on the given library elements. While this works

for elementary and trignometric functions such as log(x),
sin (x), cos(x), etc., it is quite ine�cient for arbitrary poly-
nomials. Other algebraic transforms have also been explored
for e�cient hardware synthesis: factorization and common
sub-expression elimination [7] [16], exploiting the struc ture
of arithmetic circuits [17], term re-writing [18], etc. How -
ever, these techniques overlook the e�ect of bit-vector size
on the given computation. Gr•obner bases has been used for
factorization in [19], but for logic-level synthesis of e�c ient
arithmetic-circuit architectures. But in contrast, we use the
Gr•obner bases computations for decomposition of polynomi al
datapaths at RTL.

Finite rings of the type Z2m are non-UFDs. Fundamental
computer algebra results on Euclidean division and factori za-
tion cannot be applied over non-UFDs. As a result, contem-
porary (algebra-based) high-level synthesis frameworks are
ine�ective in this domain. However, in this paper we show
how we can use the non-UFD Z2m as a resource to o�er fur-
ther potential for optimization.

In the area of symbolic computer algebra, a large number
of polynomial manipulation engines are available. However,
they generally operate on UFDs. The recent computer alge-
bra handbook is a good source of information on the manip-
ulation capabilities of these tools [20].

Modulo arithmetic has been applied to the task of cir-
cuit/RTL veri�cation [21]. The concept of polynomial func-
tions over �nite rings has also been applied to the equivalen ce
veri�cation and optimization of arithmetic datapaths in [2 2]
[23]. This paper demonstrates its application to polynomial
decomposition of arithmetic datapaths.

III. Preliminaries

This section brie
y reviews commutative and computa-
tional algebra concepts to put our polynomial decompositio n
problem in perspective. The material is mostly referred fro m
[24].

De�nition III.1: A ring is a set R with two binary opera-
tions 0+ 0 and 0�0 (addition and multiplication) satisfying addi-
tive and multiplicative associativity, additive commutat ivity,
left and right distributivity, and existence of additive id entity
and inverse. A commutative ring also satis�es multiplicative
commutativity.

The set Zn = f 0; 1; : : : ; n � 1g, where n 2 N , forms a
commutative ring with unity. It is called the residue class
ring , where addition and multiplication are de�ned modulo
n (%n). For our application, n = 2 m .

(a + b)% n = ( a%n + b%n )% n (5)

(a � b)% n = ( a%n � b%n )% n (6)

( � a)% n = ( n � a%n )% n (7)

De�nition III.2: Let R be a ring. A polynomial over R
in the indeterminate x is an expression of the form:

ak xk + ak � 1xk � 1 + � � � + a1x + a0 =
X

k

ai x
i (8)

8ai 2 R. Elements ai are coe�cients, k is the degree. The
element ak is called the leading coe�cient ; when ak = 1,
the polynomial is monic.



The system consisting of the set of all polynomials in x
over the ring R, with addition and multiplication de�ned ac-
cordingly, also forms a ring, called the ring of polynomials
R[x]. Similarly, R[x1 ; : : : x d ] denotes a ring of multi-variate
polynomials in d variables. When R = Z2m , the polynomials
are evaluated %2m .

Note that since the element 1 always has an inverse (1 is the
inverse of itself), division by monic polynomials can alway s
be carried out in arbitrary rings. This concept will play an
important role in this paper.

A. Ideals and Ideal Membership

De�nition III.3: Let I be a subset of the ring R. Then I
is called an ideal of R if
� 0 2 I
� I is closed under addition; x; y 2 I ) x + y 2 I
� If x 2 R and y 2 I , then x � y 2 I as well asy � x 2 I .

De�nition III.4: Let f 1 ; f 2 ; : : : ; f s be the given elements of
the commutative ring R. Let I be an ideal in R. If:

I = f g1 f 1 + g2 f 2 + : : : + gs f s : g1 ; : : : ; gs 2 Rg (9)

then, f 1 ; : : : ; f s are called the generators (or basis) of the
ideal I and we denote this as I = hf 1 ; f 2 ; : : : ; f s i .

Every ideal in �nite integer rings of the form Zn [x1 ; : : : x d ]
; n 2 N , has a �nite set of generators. Moreover, a given ideal
may have many di�erent basis. However, it is possible to
transform any given ideal basis into an especially useful type
of basis, called a Gr•obner basis. Buchberger [13] devised an
algorithm to transform any ideal basis into a unique, minima l,
canonical basis, which he called the Gr•obner basis. This tech-
nique has since been known as the Buchberger's algorithm,
which has now become \text-book knowledge" in computer
algebra [25] [26]; and it has been applied in CAD application s
in synthesis [2] [19] and SAT/veri�cation [27] [28] [29].

Gr•obner bases allow to test for membership in an ideal. For
example, given an ideal I = hf 1 ; : : : ; f s i and a polynomial f ,
we can determine whether or not f 2 I using Buchberger's al-
gorithm, and also �nd a suitable decomposition of f in terms
of the ideal members. This concept relates to our work as
follows: Given f , a polynomial for RTL synthesis, and given
hf 1 ; : : : ; f s i (the \good building blocks" for the datapath),
�nd a decomposition of f in terms of the f i 's.

Buchberger's Algorithm and non-UFDs: It is impor-
tant to note that Buchberger's algorithm is applicable over
the �elds of reals R, fractions Q, complex numbers C, Galois
�elds GF (pm ); p = prime, etc.; i.e. over unique factorization
domains, as it relies upon polynomial division. Over non-
UFDs of the type Z2m , division is not well de�ned and hence
the Buchberger's algorithm cannot be applied.

In [30], M•oller proposed a new technique to compute
Gr•obner bases using syzygies1 . This approach can be ap-
plied to compute Gr•obner bases of ideals over arbitrary com -
mutative rings. In fact, the textbook [10] has devoted an
entire chapter (chapter 4) on computing Gr•obner bases over
rings using M•oller's technique. In this project, we have us ed
M•oller's algorithm to compute Gr•obner bases of a given ide al
in Z2m [x1 ; : : : ; x d ]. Note that the theory and procedure for:
i) computing the Gr•obner basis; and ii) reducing f w.r.t. the

1 To quote [26], \In astronomy, a syzygy indicates an alignmen t of planets;
i.e. planets are yoked together. In a mathematical syzygy, i t is polynomials
that are yoked".

Gr•obner basis ( f G�! + r ) is available in [10]. Due to lack of
space we will not describe these procedures here.

In subsequent sections, we show the overall procedure to
decompose a polynomial into linear building blocks. But �rs t,
let us introduce the problem of \polynomial simpli�cation"
which sheds the light on how to identify the \good linear
building-blocks" from a given polynomial for synthesis.

IV. The Polynomial Simplification Problem

Given a polynomial function f in d variables over Z2m ,
can one �nd a linear change of variablessuch that under this
transformation f is polynomial in n variables where n < d ?
Let us illustrate this with two examples:

Example IV.1: Over Z 8 , let f = x2 + x + 4 y + 1. One can
check that f = u2 + u + 1 with u = x + 4 y.

Example IV.2: Over Z 16 , let f = 8 xy 2 + 11y3 + 9 y2 + 1.
This is f = u3 + u2 + 1 with u = 8 x + 3 y.

We will call the polynomials that can be reduced via lin-
ear transformations, simpli�able polynomials . Intuitively, if
a polynomial is simpli�able, then the simpli�ed form may
provide impressive area savings when synthesized. This also
suggests that the terms u in the above examples are poten-
tially good building-blocks for f . Recent work on simpli�able
polynomials [31] obtained results that describe whether or
not a polynomial is simpli�able, how many essential number
of variables a polynomial has, and how to obtain its simpli�e d
form. However, this work is applicable over �elds ( R; Q; C ,
etc.) and cannot be directly ported over Z2m (non-UFD).

We investigated this problem of simpli�able polynomials
over �nite integer rings. The idea behind our approach is to
describe the relationship between the simpli�able polynomial
and the linear transformations that can be used to simplify i t.
The fact is that there could be more than one way to simplify
a given polynomial. Our approach is to show that there is a
strong relationship between such linear transformations a nd
the degree-one form of the polynomial f . This brings us to
the following de�nition.

De�nition IV.1: Let f be an element of Z2m [x1 ; : : : ; x d ].
Denote by u its degree-one form (i.e. its linear part). The set
f l : l monic in at least one of the x i ; l j ug is called the set of
reduced linear forms of f . It is denoted by RLF (u).

Example IV.3: Let f 2 Z4 [x; y ], f = y2 + 2 x. Then

RLF (u) = f x; x + 2 yg:

In the above example, the linear part of f is 2x; x divides
2x, and (x+2 y) also divides 2x modulo 4. Note that RLFs are
de�ned to be monic in some variable so that division can be
performed in Z2m . The following examples demonstrate how
the RLFs can be used to test whether or not a polynomial is
simpli�able.

Example IV.4: Let f = 3 x2 +4 xy +6 xz +4 yz+4 y2 +4 z2 +
x + 2 y + 4 z over Z 8 . We have that RLF (f ) = f x + 2 y + 4 zg.
Divide f by u = x + 2 y + 4 z. We get f = u(3x � 2y + 2 z +
1)+4 z2 . Divide the quotient 3 x � 2y +2 z+1 further to u and
write f as f = u(3u � 2z + 1) + 4 z2 = 3 u2 � 2uz + u + 4 z2 =
3u2 � uv + u + v2 , after denoting v = 2 z.

Although the approach looks promising, the speci�c prob-
lem formulation (of strictly reducing the number of variabl es)
is too restrictive. In fact, in our preliminary experiments , we
did not �nd any practical polynomial datapath designs to be



simpli�able. Moreover, we observed in many cases that there
were more than one RLFs corresponding to a polynomial; and
it is not possible to predict a priori their potential to simplify
f , as shown below.

Example IV.5: Let f = 2 x + 2 y + y2 + xy + 2 yz over Z 4 .
Then RLF (f ) = f x + y; x + y + 2 zg. If one chooses to divide
f by u = x + y, then f = u(2+ y)+ yz and f is not simpli�ed.
However, if we divide f by v = x + y +2 z we get f = v(2+ y)
and f is simpli�able.

Despite the fact that u = x + y does not simplify f above,
it still provides a decomposition f = u(2+ y)+ yz. Moreover,
if there are more than one RLFs, we should be able to ex-
plore whether f can be composed of any combination of these
RLFs. These observations made us realize theGr•obner basis

avor of the problem: \Can f be composed of the RLF set?"
Formulating the problem in an algorithmic algebra frame-
work: \Is f a member of the ideal spanned by the reduced
linear forms?" To answer this question, we can compute the
Gr•obner basis of the RLF set and reduce f according to this
Gr•obner basis!

Applying this concept to the previous example, f = 2 x +
2y+ y2+ xy +2 yz 2 Z4 , and given RLF-set = f x+ y; x+ y+2 zg,
the Gr•obner basis for the RLF-set is f x + y; 2zg. And this
gives the decomposition f = ( x+ y)(2+ y)+(2 z)( y), and hence
f is a member of the ideal spanned by the given RLF-set.

Now we have to devise an e�cient way to compute the
set of all reduced linear forms. In what follows, we show an
Integer Linear Program (ILP) formulation to construct the
RLF set.

A. Generating RLF-set using ILP

For didactic purposes, let us consider a 3-variable poly-
nomial f (x; y; z ) 2 Z2m [x; y; z ]; the approach works for any
number of variables. Let LP (f ) = a1x + b1y + c1z, be the
linear part of f . According to our de�nitions, the RLF is
monic in at least one variable and it divides LP(f). Let
h = x + iy + jz be the RLF monic in x, where i; j are 2 Z2m .
We have to identify suitable i; j such that,

Rem(LP (f ); h = x + iy + jz ) = 0%2 m (10)

where Rem represents the remainder of the division of LP (f )
by h. Note that we can compute a1 � h � LP (f ) to eliminate
the x term, and that results in ( a1 i � b1)y +( a1 j � c1)z. Since
Rem(LP (f ); x + iy + jz ) = 0%2 m , then:

(a1 i � b1) � 0%2m (11)

(a1 j � c1) � 0%2m (12)

Similarly constraints can be derived for RLFs monic in the
remaining variables (y; z). Now we already know the values
of a1 ; b1 ; c1 ; m and need to to �nd i; j that satisfy the above
constraints. The above linear congruences can be trivially
represented as ILP constraints: (a1 i � b1) � 0%2m implies
that

i > = 0; (13)

i < 2m (14)

a1 i � b1 � 2m k = 0; (15)

integer i; k (16)

where k is an arbitrary integer. Once the value of i = i 0

is found, we can further constrain the ILP as i 6= i 0 to �nd

the coe�cients for other RLFs. The search terminates when
any ILP instance becomes infeasible. In this fashion, iterative
ILP runs can generate the set of all RLFs.

V. Overall Approach

Our overall polynomial decomposition approach is as fol-
lows. We take the given polynomial f and the operating bit-
vector size (m), and generate the complete RLF-set. This is
accomplished by using repeated calls to the ILP solver (as
shown above). Then, using M•oller's algorithm, we generate a
Gr•obner basis G of this RLF-set in Z2m [x1 ; : : : ; x d ]. Elements
of this Gr•obner basis G serve as \good building blocks" for
the polynomial f . Now we have to derive a decomposition
for f in terms of the computed Gr•obner basis. This decom-
position can be identi�ed by testing whether f is a member
of the ideal spanned by the Gr•obner basis of the RLF-set. To
perform this ideal membership test we reduce the given poly-

nomial f w.r.t. G (denoted f G�! + r ).
Let the computed Gr•obner basis G = f g1 ; : : : ; gt g. Then

the reduction results in:

f = h1 � g1 + � � � + ht � gt + r (17)

Note that if f is a member of the ideal spanned by the RLF-
set, then r = 0; otherwise, r 6= 0 is a minimal expression that
cannot be reduced any further (w.r.t. G). Moreover, the
reduction process automatically identi�es ( h1 ; : : : ; h t ). Thus
we have a decomposition forf in terms of hi 's, gi 's (1 � i � t )
and r . The datapath is then synthesized according to Eqn.
17.

At this point, one might question the motivation for us-
ing the Gr•obner basis of the RLF-set as the \good building
blocks", as opposed to using the RLF-set itself for the de-
composition of f . It has been generally observed that the
size of the Gr•obner basis (number of elements) is no larger
than that of the RLF-set. This was true in all our experi-
ments too. Moreover, if f is a member of the ideal spanned
by the RLF-set then r = 0 and the decomposition is likely to
be favorable. We demonstrate this with an example:

Example V.1: Consider f = 2 x + 2 y + y2 + xy + 2 yz over
Z4 . The RLF-set for f is found to be RLF (f ) = f f 1 =
x + y + 2 z; f 2 = x + 3 y + 2 z; f 3 = 3 x + y + 2 z; f 4 =
x + y; f 5 = x + 3 y; f 6 = 3 x + yg. Using the reduction
procedure from [10] we �nd that f can be decomposed in
terms of f = ( h1 � f 1 + h2 � f 2 + h3 � f 3 + h4 � f 4 + h5 � f 5 + h6 � f 6 )+ r
where h1 = 1; h2 = y + 1; h3 = y + 1; h4 = y + 1; h5 =
y + 1; h6 = y + 1 and r = 2 yz + 2 z (all computations done
%4).

Computation of the Gr•obner basis of the RLF-set results in
G = f g1 = 2 z; g2 = x+ y+2 z; g3 = 3 x+ y; g4 = 2 yg; i.e. only
4 elements as compared to 6in the previous case. Moreover,
reducing f w.r.t. G results in f = h1 �g1+ h2 �g2+ h3 �g3+ h4 �g4 .
In this case, h1 = 1; h2 = 3; h3 = y + 1; h4 = x + z + 1.
Moreover, here r = 0 as f is a member of the ideal spanned
by the RLF-set. Clearly, the decomposition in terms of the
Gr•obner basis is more favorable than using the RLF-set itse lf.

VI. Experiments

The polynomial representing the datapath computation
and the operating bit-vector size ( m) were given as the inputs.
ILOG-CPLEX [32] was used as the integer linear program
solver to generate the RLF set. The Gr•obner bases com-
putation and the polynomial reduction algorithm (using the



TABLE I

Comparison of proposed method with other decompositions

Benchmarks Var/Deg/m Horner Decomposition Factorization/CSE Proposed method Improvement
Area Delay Area Delay Area Delay Area % Delay %

MVCS 2/3/16 39699 135.4 31040 119.1 22214 157.8 28.4 -32
SG 1 2/3/16 53840 131.1 32846 154.6 28407 179.7 13.6 -37.2
SG 2 2/3/16 44451 139.8 36659 121.9 31259 177.6 14.7 -45
SG 3 2/2/16 19744 107.4 16604 90.1 11311 130.2 31.8 -44
Quad 1 2/2/16 26120 115.6 19519 105.3 16480 142.4 15.6 -35.2
Quad 2 2/2/16 21853 112.9 16886 118.4 14076 129.7 16.7 -14.8
Mibench 1 3/2/8 9246 60.9 10808 63.8 5151 67.2 44.3 -10
Mibench 2 3/2/8 8085 61.6 9551 64.8 3282 68.1 59.4 -10.5

Gr•obner bases) were implemented in Maple [33]. For horner
form decomposition and factorization, we used the routines
available in MATLAB. For common sub-expression elimina-
tion, we used the JuanCSE tool available at [9].

The polynomial has to be synthesized with �xed-size ( m)
adders and multipliers. The version of DesignWare Library
available to us does not have these units as pre-designed li-
brary modules. Hence we used the Synopsys Design Compiler
to generate these designs. These �xed-sizem-bit add, mult
units were used, subsequently, to implement the decomposed
polynomial.

The experiments were performed on a variety of DSP
benchmarks and the results are presented in Table I. Col-
umn 1 lists the benchmarks used for the experiments. The
�rst benchmark is a multi-variate cosine wavelet used in a
graphics application from [8]. The next three benchmarks
are Savitzky-Golay �lters used in image processing applica-
tions, generated from MATLAB [6]. Quad[1-2] are quadratic
�lters from [1]. The last two benchmarks from [34] are used
in automotive applications. Column 2 lists the design char-
acteristics: number of variables (bit-vectors), their hig hest
degree and the bit-vector size (m). Columns 3 and 4 list
the implementation area and delay of the polynomial, imple-
mented using the Horner form decomposition, respectively.
Columns 5 and 6 list the implementation area and delay of
the polynomial, implemented using Factorization + common
sub-expression elimination, respectively. Columns 7 and 8
list the implementation area and delay of the polynomial,
implemented using our method, respectively. The �nal col-
umn lists the improvement in the implementation area using
our polynomial decomposition technique. The improvement
is measured against the better decomposition (Horner Vs Fac-
torization+CSE). In other words, for the �rst six benchmark s,
we report the improvement w.r.t. the implementation area
of the Factorization+CSE method. For the remaining two
benchmarks, we report the improvement w.r.t. the imple-
mentation area of the Horner decomposition method. Con-
sidering all the benchmarks, the average improvement in the
actual implementation area was approximately 28% . It was
also observed that there was an average increase of approxi-
mately 28.5% in delay.

Example: Let us consider the Mibench 2 �lter example to
illustrate the decompositions. The polynomial computatio n
f implemented over a �xed-size 8-bit datapath is given by

f = x2 + 2 xy + 6 xz + y2 + 6 yz + 9 z2 + 43x + 43y + z; (18)

Horner form decomposition of f results in f horner .

f horner = (1+9 z)z+(6 z+43+ y)y+(6 z+2 y+43+ x)x; (19)

While performing factorization, we initially split the pol yno-
mial f in terms of its degree as follows

f 0 = 0 ; f 1 = 43x + 43y + z;

f 2 = x2 + 2 xy + 6 xz + y2 + 6 yz + 9 z2 ;

f = f 0 + f 1 + f 2 ; (20)

f 2 can be factored as (x + y + 3 z)( x + y + 3 z). f can then
be represented asf factor given by

C = ( x + y + 3 z)( x + y + 3 z);

f factor = C + 43x + 43y + z; (21)

We determine the RLF set and compute the Gr•obner bases
of their ideal to be ( x + y + 131z). When our decomposition
is applied, f is represented asf decomp given by

A = ( x + y + 131z);

f decomp = A(A + 43); (22)

The polynomials f horner , f factor and f decomp were written
in Verilog as shown in the previous equations, and imple-
mented using the Synopsys Design Compiler. The polyno-
mial f decomp occupied a lesser area (3282 sq. units) when
compared to the area of f factor (9551 sq. units) and f horner

(8085 sq. units).
Many high-level synthesis techniques such as scheduling,

resource sharing, retiming, etc., can be employed to further
optimize the given implementation. Typically, given a poly -
nomial computation, we can perform the decomposition and
then apply these techniques. Our decomposition can be used
as a pre-processing step to these techniques, thus providing
an additional scope for optimization.

VII. Limitations and Future Work

While the proposed decomposition technique looks promis-
ing, it has certain limitations. The �xed-size datapath pro b-
lem is somewhat restrictive. Often, datapaths contain mult i-
ple word-length operands. For example, the computation per -
formed by a digital image rejection/separation unit takes t wo
input signals: a 12-bit vector and an 8-bit vector, resultin g in
an output signal represented by a 16-bit vector. It is theref ore
important to also account for the input bit-vector sizes whi le



performing the decomposition. We are currently investigat -
ing the extension of the proposed decomposition technique to
datapaths implemented with multiple word-length operands .
� Consider the example of a 5th degree Chebyshev polyno-
mial ( P5) used in computer graphics applications.

P5 = 16x5 � 20x3 + 5 x (23)

Since this is a univariate polynomial in x, the RLF generated
for this expression has only one linear term: x. When our de-
composition is applied, it simply reduces to that of a Horner
form decomposition.
� Consider an example for an implementation of a Quartic
Spline polynomial ( q).

q = zu4 + 4 avu3 + 6 bu2v2 + 4 uv3w + qv4 (24)

In this polynomial implementation, there are no linear term s.
For such cases, our algorithm cannot produce an RLF set,
thus resulting in no decomposition. We can either \guess" a
good linear expression and proceed with the decomposition,
or create linear expressions using other decompositions and
then, subsequently apply our technique.

The above issues are currently under investigation.

VIII. Conclusions

This paper has presented a polynomial decomposition tech-
nique for arithmetic datapaths implemented with �xed-size
(m) bit-vectors. Fixed-size bit-vector arithmetic is modele d
as algebra over the �nite integer ring Z2m . For a given poly-
nomial computation, we generate a speci�c set of linear ex-
pressions using an integer linear program solver. For the
generated set of linear expressions we compute the Gr•obner
bases of their ideal (over non-UFD Z2m ) using syzygies. A
Gr•obner bases reduction algorithm is then applied to deriv e
an e�cient implementation of the given polynomial. Experi-
mental results demonstrate signi�cant area savings using our
approach as compared against contemporary datapath syn-
thesis techniques.
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