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Abstract—This paper addressesthe problem of equivalence
veri cation of RTL descriptions that implement arithmetic com-
putations (suchasADD, MULT) over bit-vectorswith nite widths.
A bit-vector of sizem representsinteger valuesfrom 0 to 2"  1;
implying that the corresponding integer values are reduced
modulo 2™ (%2™). This suggeststhat bit-vector arithmetic
can be ef ciently modeled as algebra over nite integer rings,
where the bhit-vector size (m) dictates the cardinality of the ring
(Z2m ). This paper models the arithmetic datapath veri cation
problem as equivalence testing of polynomial functions from
Zon1  Zona Zyg ! Zom . We formulate the equivalence
problem f g into that of proving whether f g  0%2".
Fundamental conceptsand results from numbeyr ring and ideal
theoryare subsequentlyemployed to develop systematic,complete
algorithmic procedures to solwe the problem. We demonstrate
application of the proposed theoretical conceptsto high-level
(behavioral/RTL) verication of bit-vector arithmetic within
practical CAD settings. Using our approach, we verify a set of
arithmetic datapaths at RTL where contemporary veri cation
approachesprove to be infeasible.

Index Terms—Bit-Vector Arithmetic, Equivalence Checking,
Finite Ring Algebra, Ideal theory

I. INTRODUCTION

RTL descriptionsof integer datapathghat implementpoly-
nomialcomputation®ver bit-vectorsarefoundin mary practi-
cal designsg.g., in Digital SignalProcessindDSP)for audio,
video and multimedia applications[1]. The growing market
for suchapplicationsrequiressophisticatedCAD supportfor
design, analysis and veri cation. Such designsimplement
a sequenceof ADD, MULT type of algebraic computations
over bit-vectorsfor which contemporaryveri cation frame-
works do not possesshe requisitemodelingandmanipulation
capabilities. Polynomial algebra provides an ideal platform
for modelingsucharithmetic-intensie designs.However, the
word-lengths of the bit-vector variablesin the design are
usually predeterminedand x ed accordingto the desired
precision. For correct modeling of such systems the effect
of theseword-lengthsneedto be accountedor. For example,
the largest(unsigned)integer valuethat a bit-vectorof sizem
canrepresents 2™ 1; implying thatthe bit-vectorrepresents
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integer valuesreducedmodulo 2™ (%2™M). This suggestghat
bit-vector arithmetic can be efciently modeledas algebra
over nite integer rings of residueclassesZ,m [2]. This
requiresthe use of number ring and ideal theory concepts
for their manipulation.

This paperaddressethe problemof equivalenceveri cation
of arithmetic datapathcomputationsover bit-vectors where
the operandshave nite bit-widths. The problemis addressed
at the algorithmic level, behaioral level or registertransfer
level (RTL). Fig. 1 depictsthe overall design ow for such
applicationsand the correspondingreri cation problemasit
appearsn the contect of our work.
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Fig. 1. The equvalenceveri cation problem:Matlabto RTL design ow.

Initial algorithmicspeci cations(suchasMATLAB models)
of most signal processingapplicationsinvolve datarepresen-
tation using oating-point formats. However, they are often
implementedwith x ed-pointarchitecturesn order to opti-
mize the area, delay and power related costs of the imple-
mentations Variousautomatedools exist for this translation
[3]. Subsequentiythe x ed-pointmodel (“speci cation”) can
be translatedinto an RTL description (“implementation”);
performedeithermanually or by using automateccorversion
utilities, suchas|4] [5]. TheresultingRTL modelscanalsobe
optimizedusing high-level synthesis/re-structuringperations
(suchas|6] [7]) [8]), leadingto (bit-true) equivalentRTL de-
scriptions.The veri cation problemis to prove thatthe x ed-
point model is computationallyequivalent to the corverted
RTL modelor to its optimized/transformedounterpart.

Let us considerspeci ¢ probleminstanceshat necessitate
theuseof nite ring algebrafor equivalencetestingpurposes.

A. Finite Word-lengthBit-vector Arithmetic

For polynomialdatapattimplementationsthe designchoice
is often that of a uniform systemword-lengthfor the compu-
tations[9]. The datapathword-lengthis x ed to a constant



(say m) which is de ned by the desiredprecision.In such
casesm-bit addersand multipliers producean m-bit output;
only the lower m-bits of the outputsare usedandthe higher
order bits are ignored. Usually, such computationsrequire
appropriatescaling of coefcients and/or signals such that
'over ow' can be avoided/ignoredand standard x ed-point
arithmetic can be implemented When the datapathsize (m)
over the entire designis kept constant,then x ed-sizebit-
vector arithmetic manifestsitself as polynomialalgebra over
the nite integer ring of residueclassesZ,n ; i.e. addition
and multiplication is closedwithin the nite setof integers
1g. In such cases,symbolically distinct poly-
nomials (those with different degreesand coefcients) can
becomecomputationally(bit-true) equivalent. The equivalence
veri cation problemthenreducego thatof proving thecompu-

tational equivalencef polynomialsf (x1; X2; 1115 Xq)%2™
g(X1;X2;:::;Xq)%2™, wheref ; g are polynomialsin d vari-
ablesxi;xz;:::;Xg andm = datapathsize.

However, the x ed word-lengthparadigmis someavhat re-
strictive. Most designsusually containoperandswith different
word-lengths.For instance,a digital audio-videomixer, may
perform polynomial arithmeticover a 20-bit audioand a 32-
bit video signal [1]. As a practical example, consider the
computationperformedby a digital imagerejection/separation
unit that takes as input two signals:a 12-bit vector A[11 : 0]
andanother8-hit vectorB [7 : 0]. Thesesignalsare outputsof
a mixer wherein one signal emphasize®n the image signal
and the other emphasize®n the desiredsignal. The design
producesa 16-bit output F. The computationperformedby
the designis describedin RTL as shavn in Egn. 1. Note
that becausef the speci ed bit-vectorsizes,the computation
canbe equivalentlyimplementedasanotherpolynomial G, as
shavn in Eqn. 2.

input  A[11:0]; B[7:0];
output F[15:0]; G[15:0];
F = 16384 (A*+B*) + 64767 (A2 B?)+ A
B+57344 A B (A B) (1)
G = 24576 A? B+ 15615 A?+ 8192 A B?+
32768 A B+ A+ 17153 B2+ 65535 B (2)

Such arithmetic datapathswith multiple word-length ar
chitecturescan be analyzedas polynomial functions from
ZZ"I 1 ZZ"I 2 ZZ"' d l
arethe bit-widths of input vectorsandm is the outputwidth.
So how do we prove the equivalenceof suchcomputations?
Ef cient algorithmicsolutionsto suchproblemsis the subject
of this paper

B. ProblemModeling
We model the arithmetic computationsover bit-vectors

setof integersf0;1;:::;2" 1g. Let m correspondo the
sizeof the outputbit-vectorf ; hencef 2 Z,m . Subsequently
we modelthe arithmeticdatapattcomputatiorasa polynomial

function (or polyfunction)over Zon,  Zon, Zyg tO
Zom [10]. HereZ, Zy, representtheCartesianproductof Z 4
andZy,. In otherwords,the computatioris modeledasa multi-

Zni . The equivalenceproblemthen correspondgo checking
the congruencef two polynomials:F % 2™  G%2™. Note
that modeling x ed-sizedatapathsan be treatedas a special

caseof the above, wherethe bit-vectorssizesni;n,;:::;ng
are all equal to m and the polynomial is computed over
Zom [X1;X2; 1115 Xg], denotedas Z

C. SolutionOverviav

Solutions  for
primeringsZ,, Galois elds (GF (p")), integralandEuclidean
domains- collectively calledthe uniquefactorizationdomains
(UFDs) [2]. In our contet, the nite ring formed by the
speci ¢ modulovalue2™ is a non-UFD, dueto the presence
of zero divisors (eg, 4 6 2 6 0;4 2 0%8), and
correspondingly due to lack of multiplicative inverses.
Unfortunately this disallows the use of mary efcient

factorization-basetechniquesievelopedover UFDs.

decidableand is shovn to be NP-Hard for n 2 [11].
We transformour problem F %2™ G%2™, into proving
(F G)%2™  0; thewell-known zero-equivalenceproblem
[11]. For the example describedin Egns. (1 - 2), we can
compute(F  G)%216:

F G 16384QA% + B*)+ 32768 A B (A+ 1)+

49152 (A%+ B?) (3)

Notethat(F G) is a polynomialwith non-zerocoefcients.
However, 8A 2 Z,12;B 2 Z,s, (F G)%2% = 0; i.e, (F
G) vanishesasafunctionfrom Z,.2  Z,s to Z6. Therefore,
our problemreducego thatof testingwhetheror not (F  G)
is a vanishingpolynomial%2™ .

Formulatingthe problemin this manner(F G 0) has
its appealbecauset belongsto a classof ideal membership
testing problems.Moreover, propertiesof polynomial func-
tionsover nite ringshave beenwell studiedtopicsin number
theory and commutatve algebra[12] [13] [14] [10]. This
paperanalyzesand extendstheseresults(particularly thoseof
[13] and[10]) to derive systematicand ef cient algorithmic
proceduredor equivalencechecking,and demonstratesheir
applicationwithin a practical CAD-basedveri cation frame-
work.

D. Scopeof the Paper

The approachpresentedn this paperhas beenappliedto
verify high-level descriptionsof arithmetic datapaths,such
as thosein C and RTL (VERILOG/VHDL), some of which
wereautomaticallygeneratedy MATLAB (Simulink and Iter
designtoolboxes) [5]. Our techniqueis applicableto designs
that implement unsignedand two's complement(over ow)
arithmetic. In the DSP domain, rounding and saturationare



alsocommonmodesof approximation.Modeling sucharchi-

tecturesas polynomial functions over nite rings is signif-

icantly more involved and is not the subjectof this paper
For the samereasonyeri cation of (behaioral) RTL against
its correspondinggate-level implementation(netlist) is also
not dealt with in the paper Even within this scope, we

demonstratéhatthereexistsalargeclassof applicationsvhere
our approachcan very ef ciently solve the problemwhereas
contemporaryeri cation techniquesare infeasible.

E. Paper Organization

The paperis organizedasfollows: The next sectionreviews
relatedwork in VLSI-CAD, symbolicandpolynomialalgebra.
Section lll covers preliminary conceptsregarding ring and
ideal theory and describeshow our problem relatesto ideal
membershiptesting. Section IV describesthe mathematical
aspectsrelatedto proving equialenceof univariate polyno-
mials and provides a solution overview. These results are
extendedin SectionV to provide an algorithm for multi-
variatecomputationavith arbitraryinput-outputword-lengths.
SectionVI describeghe experimentalsetupandcompareour
resultswith thoseof contemporaryechniquesFinally, Section
VII concludeshe paperciting future researctdirections.

Il. REVIEW OF PREVIOUS WORK
A. VLSI-CAD

A variety of canonical,directedagyclic graph (DAG) rep-
resentationdiave beenderived for Booleanfunctions: BDDs
[15], *BMDs [16] and their various word-level extensions
[17]. However, thesearebasedon variantsof bit-level (binary)
decompositiorprinciples. Hence,they lack the power of ab-
stractionto modelintegerlevel datapathcomputationsTEDs
[18] have beenproposedas canonicalDAG representations
for multi-variate polynomials.However, TEDs do not model
modulo-arithmeticand hence cannot prove computational
equivalenceof polynomialsover nite integerrings.

Veri cation techniquesfor bit-vector arithmetic such as
arithmeticdecisionproceduresterm-ravriting and otherscan
be found in [19] [20]. Integer arithmetic[21] hasalso been
usedin constraintsatisactionfor simulation-basedalidation.
However, thesetechniquesuse modulo arithmetic concepts
to solve linear congruences a different application from
proving polynomial equivalencein Z,m . There exist various
DSP applications(such as FIR, IR, Elliptical wave lters,
etc.) whose RTL implementationsare mostly linear and/or
multi-linear expressions- theseare somevhat easyto ver
ify using theoremprovers (HOL), congruenceclosure,data-
independencesymmetry and other abstractions[22] [23].
However, noneof the above canefciently solve the problem
at hand.

B. Ring/Held theory and ComputerAlgebra in VLSI-CAD

Pradhars work [24] representshe characteristidunction of
a circuit as polynomialsover Galois Fields GF(2™). Modulo
arithmeticconcepthave beenemployedin multiplier veri ca-
tion [25]. While theseworks nd applicationat circuit-netlist

level, they arenot scalableenoughto addresgpolynomial bit-
vector computations.

Symbolic Algebratools have beenintegratedwith theorem
provers [26] and also with high-level/RTL Synthesistools
[27] [6]. For example, [6] exploits Buchbeger's seminal
work on Grobners baseg[28] to decomposeand synthesize
a polynomialaccordingto available componentsn the design
library (usingtheir Grobners basego decide).This work can
exploit available algorithmsfrom Maple [29] becausetheir
applicationis modeledover the eld R of real numbersor
rationalsQ. Unfortunately porting thesetechniquedo Zom is
not straight-forvard.

C. SymbolicAlgebra and NumberTheory

Ibarra et al. have extensvely analyzedthe decidability of
equivalence and simpli cation of a variety of straight-line
programs[11]. The zero-equialenceproblem f %n Ois
shawvn to be NP-hardfor n 2 [11]. Suchpolynomialsthat
compute0 %n arecalledvanishingpolynomials For example,
F = 4x?2+ 4x  0%Z2, 8x 2 Z,s; hence,F is a vanishing
polynomialin Zys.

It is a well-known result that all vanishing polynomials
over a nite ring are membersof anideal in that ring. Such
vanishingideals over nite setsof points have beenstudied
over arbitrary elds [30]. This paperpresentsolutionsto such
problemsin Z,m , within a CAD-basedveri cation framework.

Over uniquefactorizationdomains(UFDs), the equivalence
f g can also be solved by factorizing the polynomials
uniquelyinto their irreducibleterms,and then comparingthe
coefcients of the orderedterms.Unfortunately factorization
is not unique in non-UFDs(suchasin Z,m ). Consider for
instanceF (x) = x?+ 6x in Z . It canbefactorizedinto two
non-uniquerreduciblesi) (x)(x + 6) andii) (x+ 2)(x+ 4), in
Z 3. Therefore,uniquefactorizationbasedtechniquescannot
be appliedhere.We have analyzeda large numberof symbolic
algebrapackage$31] and,to the bestof our knowledge,none
of the available packagesrovide a 'ready-made’procedure
that can solve the desiredequivalenceproblem.

Researcherfrom numbertheory and commutatve algebra
have analyzedvariouspropertiesof polynomialfunctionsover
nite rings. The next few sectionsreview theseresultsand
extend them to derive systematicalgorithmic procedues for
our applications First, somepreliminary concepts.

I1l. PRELIMINARIES

This section briey reviews basic commutatve algebra
conceptsto put our polynomial equivalenceproblemsin per
spectve. The materialis mostly referredfrom [2].

De nition 3.1: A ring is asetR with two binaryoperations
%0 and °° (addition and multiplication) satisfying additive
and multiplicative associatiity, additve commutatvity, left
and right distributivity, and existence of additive identity
and inverse.A commutativering also satis es multiplicative
commutatvity.

ThesetZ, = f0;1;:::;n 1g,wheren 2 N, alsoformsa
commutatvering with unity. It is calledtheresidueclassring,



whereadditionand multiplication are de ned modulon (%n)
accordingto the rulesbelow. For our application,n = 2™,

(a+ bh%n = (a%n + BPon)%n 4)
(a b%n = (a%n ©on)%n (5)
( @%n = (n a%n)%n (6)

De nition 3.2: Integersx; y are called congruent modulo
n (x y %n)if nis adivisor of their difference:nj(x ).

De nition 3.3: A zero divisor is a non-zeroelementx of
aring R, for whichx y 0, wherey is someothernon-zero
elementof R andthe multiplicationx vy is de ned according
to Eqn. (5).

De nition 3.4: A ®eld F is a commutatve ring with unity,
where every elementin F, except 0, has a multiplicative
inverse,i.e.8a2 F f0g, 942 F suchthata a= 1.

The systemZ, forms a eld if andonly if n is prime.
Hence,Z,m (for m > 1) is nota eld asnot every element
in Zo,m has an inverse. Lack of inversesin Zo,m» makes
RTL veri cation complicatedsince Euclideanalgorithmsfor
division andfactorizationare no longer applicable.

De nition 3.5: Let R be aring. A polynomial over R in
the indeterminatex is an expressionof the form:

X
+axt= ax (7)
k

ap+ ajx + ayx® +

8a; 2 R. Elementsa; are coefcients, k is the degree. The
elementay is called the leading coef®cient wheng = 1,
the polynomialis monic

The system consisting of the set of all polynomialsin
x over the ring R, with addition and multiplication de ned
accordingly alsoformsaring, calledthering of polynomials
R[x]. Similarly, R[x1;:::xq4] denotesa ring of multi-variate
polynomialsin d variables.Note that, whenR = Zm, the
correspondingpolynomialsare evaluated%2™ .

Functions over nite rings that can be representedby
polynomialsare generallytermedas polynomial functions(or
polyfunctions).Singmastef13] studiedvarious propertiesof
polynomialfunctionsof thetypef :Z, ! Z,. Subsequently
Chen extended the study to analyze polyfunctions of the
typef : Z, ! Zn [14] and further to those of the type
f @ Zn, Zn, Zn, ' Zn [10]. The following
de nition of sucha polynomial function is taken from [10],
and modi ed, for our application,to rings modulo aninteger
power of 2.

De nition 3.6: A function f from Zon,  Zon,

Zyg ! Zy is said to be a polynomial function (or
polyfunction) if it is representedby a polynomial F 2

forall x; 2 Zx»;,i = 1;2;:::;d and denotescongruence
(mod 2™M).

Example3.1: Letf : Z» Z,2 ! Z,: bea polyfunction
in variablesx;y, dened as: f(0;0) = 1, f(0;1) = 3,
f(0;2)=51(0;3)=7,f(1;,0)=1,f(1;1)= 4,1(1;,2) =
1, f(1;3) = 0. Then,f is a polyfunction representabldy
F =1+ 2y+ xy?, sincef (x;y) F(x;y)%2® for x = 0;1
andy = 0;1;2; 3.

It is possiblefor a polynomialwith non-zerocoefcients to
vanishon suchmappings;in which casethe polynomialsare
called vanishing polynomials andtheir functionscorrespond
to nil polyfunctions For example,the polynomial4x? + 4x
0 %8; 8x 2 Zg; hencedx? + 4x is a vanishingpolynomialin
Zg[X].

A. ldealsand Ideal Membeship Testing

It is importantto note that the set of all vanishingpoly-
nomialsin a givenring formsan ideal in that ring. Thus,to
provethatF G 0%2", we needto determineif (F G)
is a memberof the vanishing ideal in Zm .

De nition 3.7: Let | be a subsetof thering R. Thenl is
calledanideal of R if

021
| is closedunderaddition;x;y 2 1) x+y2I
If x2 Randy21,thenx y2 1 aswellasy x21.

| = fXgig+ Xoig+ iii+ Xpip i X1;::5Xn 2 Rg (8)
then,i;;:::;in arecalledthe generators of the ideal | and
we denotethisas| = (i1;iz;:::;in).

With regardto our application,it is requiredto analyzethe
generatorof the ideal of all vanishingpolynomialsin Zm .
The works of [12] and[13] have shavn that this ideal canbe
nitely generatecbver ary arbitrary nite integer ring (Z,).
Therefore,we begin with a discussionof the vanishingideal
in Zom [X] and subsequentlyprovide a unique representatie
expressionfor all membersof this ideal. Sec. IV outlines
an ef cient algorithmto determineif ary given polynomial
vanishesby checkingif it corresponddo this unique form.
Theseconceptsare extendedto polyfunctionsin d variables
fromZy: Zon, Zng t0o Zom , in SectionV. Examples
are usedto demonstrateelevant results;their corresponding
proofs can be found in [13] and [10] and are thereforenot
reproducechere.

IV. ON UNIVARIATE VANISHING POLYNOMIALS

Accordingto afundamentatesultin numbertheory for ary
n 2 N, n! dividesthe productof n consecutie numbers.For
example,4! divides4 3 2 1. Thisis alsotrue of anyn
consecutie numbers:4! alsodivides99 100 101 102
Consequentlyit is possibleto nd theleastk 2 N suchthat
njk!. We denotethis valuek as SF(n) [32], i.e. k = SF(n)?.
In thering of interest,Z,m , let SF(2™) be equalto the least
integer k, suchthat 2Mjk!. As an example,SF (2°%) = 4 as8
divides4! (=4 3 2 1= 8 3). Notethat8 doesnot
divide 3!, and hencethe leastk in question= 4.

The signi cance of the above conceptcan be explainedas
follows. Considerthe ring Z,s. The leastvalue k suchthat

1This is a well-studiedfunction in numbertheory It was initially studied
by Kempner[33] andwas recentlyre-visiteduponby Smarandachg32]. In
recentliteratureit is oftenreferredto asthe Smaandade functionandhence
we referto it asSF (n).



8jk! is k = 4. Thereforeary integer that canbe factoredinto
a productof (at least)k = 4 consecutie numberswill vanish
in Z,s. This propertycan be utilized to treatthe equivalence
problemasa divisibility issuein Z,m ,i.e.f (x) g(x) 0)
2"i(F (xX)  a(x)). In Z,s, let 8j(f (x) g(x)). But, 8j4! too.
Therefore,if (f @), evaluatedat x, can be representeds
the productof 4 consecutie numbers(dependingon x), then
(f  g) would vanishin Z,:. So, whatis a naturalexample
of a polynomial with this property?The answeris: (x)(x
D(x  2)(x 3).

In thisregard,Chen[14] proposed setof monic polynomi-
als, Yk (x), whereeachY; (x) representgin polynomialform)
a productof i consecutie numbersin x. More formally, we
have the following de nition andits correspondingesult:

De nition 4.1: Falling factorials of degreek are de ned
accordingto:

YO(X) =1

Y1(x) = x

Ya(x) = x(x 1)

Ye(x) = (x  k+1) Y 1(x)

Lemmad.1l: Any expressionin Z,n [X] thatcanbe factored
into at leastYx (x) (wherek = SF(2™M)), will be divisible by
2™ andvanish.

Example4.1: Considerthe polynomialF (x) corresponding
to the functionf : Z,s[X]! Zos:

F(x) = x'%+211x° + 102 + 22¢" + 41x° +
2435 + 224x* + 36x3 + 16x% + 128

In Z,s[x], SF(28) = 10. Therefore,if for all x, F(x) can
be factoredinto a productof 10 consecutie numbers,(asin
the caseof Yi0(X)), thenF (x) is a vanishingpolynomialin
Zs[x]. Indeed,F (x)  Y10(x)%28; henceF (x)%28 0.
Whena polynomialcannotbe factoredinto suchYy expres-
sions,canit still vanish?For example,the quadraticvanishing
polynomialdx? 4x in Z,s, writtenas4(x)(x 1), cannotbe
factorizedas Y4(x) = x(x  1)(x 2)(x 3). However, the
missingfactors(x 2)(x 3) in this case arecompensatetbr
by the multiplicative constant4; therefore 4x? 4x  0%2.
Singmastef13] identi ed theconstrainton suchmultiplicative
constantssuchthat the polynomialin questionwould vanish.
We statethe following result.
Lemmad4.2: Theexpressiorck Yi(X)
only if %jck;
where,
Ck is anarbitraryintegerin Z,
Yk (x) is asde ned above,
(k!; 2™) is the greatestommondivisor (GCD) of k! and
2m and
k is the degreeof the expressionc, Yk (X).
Example4.2: Let us explain the above conceptwith the
help of the previous example.Let F(x) = 4x2 4x over
Z3[x]. NotethatF (x) = 4(x)(x 1) = 4 Y,(x). Thereforejn
this casek = 2 andc, = 4; and (2!—%3237(= 4) dividescy(= 4).

0in Zym [x] if and

Becausehe above conditionis satis ed, F (x)%23 0. Note
if c, werereplacedby 3, thenF (x) = 3(x)(x 1) would not
be a vanishingpolynomialas ﬁ would not divide 3.

The above conceptslead to Singmastes theorem [13]
that identi es the necessaryand sufcient conditionsfor a
polynomialto vanishover ary nite integerring. We re-state
the resultfor Zom .

Theoem1: Let F be a polynomial in Z,m [x]. Then F
vanishes%2™ if andonly if:

K1
Yo+ & be Y
k=0

F Fn )
where,
n = SF(2M), i.e. theleastn suchthat2™jn!,
Fn is anarbitrary polynomial,
ay is an arbitraryinteger,
b = % asdescribedn LemmaFfl.Z.
Note that the expressionF, Y, + Ezolak be Yk

in Theorem1 above completely describesthe ideal of all
vanishingpolynomialsover Z,m [x]. Thus,if any polynomial

(F  G) canbe describedasabove,thenF G 0 %2™,
implying that F%2™  G%2™.
Example4.3: ConsiderF = 4x? 4x = 4(x)(x 1) in

Z,3[x]. Again, n = SF(2%) = 4. However, F cannotbe
factoredinto Y4(x), thereforeF, = 0.

Now considerk = n 1= 4 1= 3.Sincedx? 4x
(quadratic) cannot be factoredby Ys3(x) (cubic), az = O.
However, F canbefactoredaccordingo Y,, leadingtoa, = 1
andb, = 4. Therefore,F vanishesn Z,s.

A. Algorithm

Fromthe above results,a systematiccomplete algorithmic
procedurecan be derived to identify whetheror not a given
polynomial correspondsgo the unique form of Eqn. (9) and
consequentlyvanishesover rings of the form Zo,m (m is the
datapathsize). The algorithmis given in Fig. 3. The inputs
are the given uni-variate polynomials,F and G, in variable
x with a uniform bit-width of m bits. The main procedures
outlined below:

1) Computen = SF(2™M); the computationaprocedureis

outlinedin Fig. 2.

2) lteratively divide the polynomial (poly) by the Y (x)
expressionsfor k = n down to 0.

If k= n andY,jpoly, thenpoly = F, Y, avanishing
polynomial.

If the degreeof poly is lessthank in ary iteration,then
Fn = 0 and/orax = 0. Continuethe division procedure
with Yy 1.

Otherwise check for the constraintson ay;b¢. If the
constraintsare not satis ed, then it is not a vanishing
polynomial. If the constraintsare satis ed, then the
procedureiteratesover the remainingterms.

The procedurecorverges with the correct answeron
whetheror not poly 0 in Zom [X].

3)

4)

5)



Compute SFH 2™M)
if (m 2) then
return (2 m)
= blog(1 + m)c
=m

n+ brem=a c
rem % a

return (m+ n)

Fig. 2. SF@M™) computation.

Zero_ldentify (F, G m)
poy =F G
n = SF(2™)
Yo =1
[*Iteratively divide
for k=n to 0 do
Yy = (X k + 1) Yk 1
quo = quotient  of poly divided
coefficients reduced %2"
rem = remainder of poly divided
coefficients reduced %2
if (quo== 0) then
poly = rem
continue
if (k== n) & (rem==
return TRUE
b¢ = % [*Lemma 4.2%/
if (quo % b6 0) then
return FALSE
else
if (rem== 0) /* poly 0%2"*
return TRUE
else /*Continue
poly = rem

poly from Y, to Yo*/

by Yk,

by Yk,

0) then /*Lemma 4.1%/

dividing*/

Fig. 3. Zeraldentify - Determine whether the algebraic difference of
polynomialsF and G vanishes% 2™ .

Complexity: In theworstcase,(n + 1) divisionsby Y\ ex-
pressionsare performedon poly. Moreover, in eachiteration,
the Yx computatiorrequiresO(n) multiplications.The worst-
casecompleity of the algorithmis, therefore,O(n?), where
n= SF(@2M).

V. EQUIVALENCE OF MULTI-VARIATE POLYNOMIALS

We now proceedo extendtheresultsof the previoussection
to polynomialsin d variables.In Sectionl, we hadshavn how
the multiple-word-lengthbit-vector computationcan be mod-
eledasa polynomialfunctionfrom Zon:  Zon, Zong
to Z,m . Moreover, we had notedthat a x ed-sizedatapath
with multiple variablesis a specialcaseof the above, where
ng = = ng = m. Furthermorewe had soughtto exploit
theconcepiof SF (2™) andthatof thefalling factorialsYy (x),
to detectvanishingpolynomialsover Z,m [x]. We will now
extendtheseconceptso addressmulti-variatepolynomials.

Z* denoteghe setof non-neyative integers.We de ne,

i (Xi) = Yi (X1) Y, (X2)
i=1

Yiq (Xa);  (10)

whereYy, (Xi) is the falling factorial of degreek; in variable
Xi, asde ned in De nition 4.1.

factorizedinto a productof SF(2™) consecutie numbersin
at least one of the variablesx;, thenit vanishes%2™. The
following exampleillustratesthis idea.

Example5.1: Consider the polynomial F(x1;X2) =
x$xa + 23x, + 3x2x, + 2X1xp over Zy:[x1;Xx2]. Here,
SF(22) = 4. Notethatwe canwrite F = Yp.1i (X1; X2)%4 =
Y4(X1) Y1(X2)%4. SinceF canbe representecsa product
of 4 consecutie numbersin x1, 22jF andF  0%4

In the above example, both the input variablesx;x,, as
well asthe outputF arein Z,.. We wish to generalizethese

resultsto analyzepolynomial functionsover Zan;  Zon,
Zxg ! Zom . For this purposeanotherquantity i, is
de ned asfollows [10]:
i=minf2";SF2M)g;i = 1;2;:::;d: (11)

We now presentthe following resultsfrom [10]:
denoteghe setof non-neyative integers.Then,Y . 0if and
only if k; i, for somei.

Example5.2: Let F = x%xg X1X2 be a polynomial
correspondingo the polyfunctionf : Z,1  Zye | Zys. We
shav that F is a vanishingpolynomial as F can be written
accordingto:

X3X2  X1X2 X1(x1  1)xz
Yho:1i (X1; X2)
0

Here,SF(2%) = 4, ky = 2 andk, = 1. Notethat | =
minf2';49= 2=k, and , = minf2%;4g= 4> k,. Since
k1 1, the conditionin Lemmab.1 is satis ed, and hence
F O

Lemmab.2: The expressioncy Y

—Q‘d—(zm; L 51%: where:
Ck 2 Z,

0 if and only if

i;8 =
1;:::.d; and

@m; % k;!) is the greatescommondivisor (GCD) of
2m and ~ & kil.

Example5.3: Considerthe polynomialF = 4x1x§+ 4X1X2
correspondingo f (X1;X2) : Z1  Zy2 ! Z,s. We canuse
Lemmab.2 to prove thatf is a nil polyfunction.Here, 2"t =
2,2"2 = 4and2™ = 8. Also, SF2™ = 8) = 4, | =
minf2;4g= 2, ,= minf4;4g= 4.



F AX1X5 + 4X1X7

4 X1 X2 (X2 1)

Cr;2i Yha;i (X15X2)
0
because, Q= lpy = 4whichdividescyz = 4.
b=

Also notethatherek; < 1 andks < 5.

Chen extendedthe above resultsto derive necessarnand
sufcient conditionsfor a polynomialto vanishasa function
fromZon,  Zon, Zxng to Zom . We statethe following
theorem[10]:

Theoem?2: Let F be a polynomial representatiorior the
functionf from Zon,  Zon, Zong t0 Zom . ThenF
is a vanishingpolynomial (F ~ 0) if and only if it canbe

represente@s:
xd
F = Q|Y (i) + kakWYk (12)
i=1
where:
(i) = Ho;::; ;5500 is a d-tuple, where | is in
positioni and ; is de ned accordingto Eqn.(11);
Qi 2 Z[xy;:::;Xq] are arbitrary polynomials, possibly
Zero;
Y (iy is the falling factorialof degree ; in variablex;;
k= hkq;:::;kqi for eachk; = 0;1;:::; i 1;

Yk is asde ned in Egn. (10);
ay 2 Z is anarbitraryinteger and

% = @m; gim‘ll ki)

Proof: While a detailedproof of the abose theoremis
provided in [10], the theoremdoesfollow from Lemma5.1
(for eachof thed computationg); Y (;)) andfrom Lemma5.2
(for the computation | ay by Yy). ]

The following exampleillustratesthe above concept.

Example5.4: Considera polynomial F = x2 + 7x; +
4X1X% + 4dx1xo forf 1 Zy, Zs2! Zys. Here,d= 2, ;=
minf2;SF(8)g= 2; » = minf22;SF(8)g = 4. Therefore,

(1) = h 1;0i = h2;0i, and henceY (1) = Yip.0i (X1;X2).

Similarly, (2) = H0; »i = H0;4i. Now, F canbe written as
follows:
F Xi(Xxe 1)+ 4 x1 X2 (X2 1)

Yro0i (X15X2) + @n:2i Bua:oi Yia:2i (X1; X2)
0

Here,Q1 = L1 a5 = 1 andby.p = 8=(8;1! 2!)= 4. Note
that Q> andall remainingay termsareequalto 0. Hence,F
canbe written in the form given by Theorem2, andis thusa
vanishingpolynomial.

Again, Eqn. (12) completelydescribeghe ideal of all van-
ishing polynomialsin d variablesoverZ,n,  Zan, Zong
to Z,m. We now describean algorithm which determines
the equivalenceof ary two given polynomialsF and G by
determiningif F G canbe reducedto this form, implying
thatF G 0 %2".

A. Algorithm
The algorithm takes as input the two polynomials F

G. The algorithmis
givenin Fig. 4, themain procedureof whichis outlinedbelow:

Multi var_Zero_ldentify (F, G d,
poy = F G /* Order the
Compute SF(2™)
for i 1to ddo

i minfSF(2™); 2" g
Ki Max. degree of x; in poly
fori = 1to ddo /* Lemmab5.1l *
if (ki i) then
quo, rem =

if (rem 0) then
return TRUE
else
poly = rem
continue
[*Iterate over all possible
for j= “° (1) to 1do
for i = 1to d do
ki = Degree of Xx; in
monomial of poly
quo, rem poly

Yi (x)
b =
=1

S @ L
if (bcjguo) then

@m; ki !)
if (rem 0) then
return TRUE
else
return FALSE

X, m, n)
terms */

terms*/

the highest order

/*Lemma 5.2*%/

a3 Il

Fig. 4. Algorithm Multivar_Zera ldentify: Determinewhetherthe algebraic
differenceof multivariate polynomialsF and G vanishes.

1) Find the differenceof the two polynomials,poly. This
is the expressionwhich shouldvanishto prove equia-
lence.

Order the monomial terms of poly in a descending
lexicographic order on the variables. Monomials are
comparedy their degreein the rst variable,with ties
broken using the degreesin the secondvariable, third
variableand so on.

ComputeSF (2™). Usethis to obtainthe ; values.
Divide the polynomial by the falling factorial expres-
sionsY ;) in eachof thed variables.In ary iteration, if

theremaindeis zero,it meanghatF = P id:l QY @i+
0; hencereturntrue. It is a vanishing polynomial; or
F G.
If the above processresultsin a non-zeroremaindey
we have to seewhetherthe remaindercanbe expressed
as kakh Y. For this purpose,use the subsequent
remainderasthe new poly. Updatethe degrees(k;) and
continuedividing from Y ; to Yy for eachvariable.
6) After eachdivision, checkfor the following conditions:
If the quotientcanbewrittenasax bx (whereby is
de ned accordingto Lemmab.2),andtheremainder
is zero,returntrue. It is a vanishingpolynomial.

2)

3)
4)



If the quotient can be written asax by, andthe
remaindeiis non-zerogcontinueto the next iteration.
If the quotientcannotbe written asax b, return
false poly 6 0) F 6 G.

In the worstcase,( i) divisionsby the Y|, expressionsare

VI. EXPERIMENTAL SETUP AND RESULTS

We have implementedhe proposedalgorithmsin Perlwith
calls to MAaPLE 7 [29] for all the algebraicmanipulations.
Using our algorithms,we have beenableto performveri ca-
tion runs over a numberof designscollectedfrom a variety
of benchmarksuites.The resultsare presentedn Tablel.

The rst setof examplesare datapathswith a single input
bit-vector variable, which are modeled as univariate poly-
nomials. The anti-aliasingfunction is from [6]. The second
exampleis a polynomialexpressionfrom [34]. The otheruni-
variate examplesare implementationof elementaryfunction
computationsThe rst benchmarkin the set of multivariate
datapathinstancesepresentsan imagerejectioncomputation
(IRR), as describedin Sec.l. The phase-shiftkeying (PsK)
functionis from [6] andis usedin digital communicationThe
polynomial Iters are Volterra models of polynomial signal
processingapplicationstaken from [1]. MIBENCH is a 9 -
degree polynomial from a set of automotve applicationsin
[35]. Horner polynomials are from [34]. Polynomial com-
putationscommonly usedin DSP are often implementedin
Horner's form usingmultiply-add-accumulatéMAC) units. In
[6], it was shavn how computationdy theseMAC units can
be extractedas polynomialsin Horner's form. The vanishing
polynomialexamples for both the univariateand multivariate
caseswere speci cally createdto validateour algorithms.

Some of thesedesignsare available as RTL code. The
otherswere available as high-level speci cationsin MATLAB
or ¢ code.RTL codefor thesereferencedesignswas auto-
matically generatedusing the MATLAB Simulink and Filter
Designtoolboxes (particularly for the digital Iter designs).
Once the referenceRTL descriptionswere obtained, they
were further optimized using techniquesfrom [6] and [8].
In [6], applicationof high-level restructuringand symbolic
algebra-basedransformationswas presentedfor high-level
synthesis.These include factorizationand expansion, tree-
height reduction, etc. The recentwork of [8] has derived
a sequenceof polynomial algebrabasedtransformationsto
reducethearea-cosbf theimplementationThisis achiezedby
modulatingand segmentingthe coefcients and subsequently
removing algebraicredundang (vanishing polynomials). In
essencethe techniqueof [8] attemptsto searchfor a sparser
implementationof a given polynomial that occupieslesser
area.Thesetransformationsvere appliedto the original RTL
descriptionto obtainfunctionally equivalentimplementations.
The optimizedRTL wasthenveri ed for equivalenceagainst
the original one.

For equivalencetesting,both RTL descriptionswere given
to the high-level synthesistool GAuT [36] and their corre-
spondingdata- ow graphs(DFGs)wereextracted.Traversing

the DFGs from the inputs to the outputs, the polynomial
representationsvere constructedand the datapathsizeswere
noted. The algorithms were invoked to nd the difference
betweenthe two polynomials(both univariateand multivari-
ate) and subsequentlyeri ed thatit computeszero,to prove
equialeng. We were able to solve all problemsin < 5
seconds.

We have also performedequivalencecheckingof the given
RTL designsusingBDDs, BMDs and SAT basedapproaches.

BDD and SAT: Sincegate-level descriptionsare required
by both BDDs and SAT, we synthesizedur designsusing a
commerciallyavailablelogic synthesigool. BDDs were used
to verify the resulting netlists using the VIS [37] package.
It wasfound that BDDs could solve the problemfor someof
thesmallerbenchmarkgespeciallyfor univariatepolynomials)
due to the simpli cation achieed by propagatingthe corre-
spondingcoefcients (constants)However, they failed for the
restof the designs.

From the gate-level netlists correspondingo the two de-
signs, we generatedmiter circuits and corverted them to
CNF format. ZChaf [38] was usedto prove equivalencevia
unsatis ability testing. For all the designs,ZChaf could not
solve the problemwithin the time-limit of 1000s.

*BMD: *BMDs have beenshownn to be effective for mul-
tiplier veri cation, as they have linear size compleity for
multipliers. However, for higherdegree(k) polynomials,their
size increasesO(n*), where n is the bit-vector size. We
experimentedvith *BMDs for veri cation of our applications,
andfoundthat*BMDs alsodo not performsatishctorily. Note
that in our applications,not only do we needto construct
*BMDs for higherdegree terms, the word-lengths of the
vectorsarealsodifferent. These nite word-lengthscandistort
the *BMD structure,which is explainedbelow.

Considerthe computationF[3 : 0] = X[1:0] Y[1: 0]
The *BMDs for F is shawvn in Fig. 5. Now considerF[1 :
0] = X[1:0] Y[1:0], a xed-size2-bit multiplier. The
correspondingBMD structureis shawvn in Fig. 6. Note that
the regular structureof *BMD is disrupteddue to the x ed
bit-vectorsizes.

Fig.5. *BMD for F = x y; x; y are2-bit wide, F is 4-bits wide.

For our experimentswe usedthe conceptpresentedn [39]
to construct*BMDs directly from the RTL for given word-
lengths.In [39], operationsfor bit-vector manipulationswere



TABLE |
COMPARISON OF TIME TAKEN BY VARIOUS APPROACHES

Fig.6. *BMD for F = x vy; x;y; F areall 2-bits wide.

describedthat allow to perform bit- eld extraction directly
from a given BMD. Using theseconcepts*BMDs were con-
structeddirectly from the DFGsobtainedor the corresponding
RTL. *BMD computationterminatedonly for upto degree-4
polynomials,andthe restof the designscould not be veri ed
within the time-limit.

A. Faulty Designs

We alsowantedto analyzethe performancef our approach
in the presenceof bugs. To verify that our algorithm can
detecthon-equivalenceof designswe experimentedvith some
designdy arbitrarily changingoneor moreof the coefcients.
Tablell presentghe resultsfor someof the benchmarksThe
algorithm was indeed able to verify that the designswere
not equivalent, and that too very quickly. This resultis not
surprising. The algorithm may not always have to perform
SF(2™) iterations - if the conditions on the coefcients
(Theoreml and 2) are not satis ed in ary iteration (i.e. a
bug is found), the algorithmterminates.

We also experimentedwith simulation and SAT tools to
evaluatetheir performanceon detectingnon-equvalence.For

Benchmark Specs Our approach BDDs-VIS BMD SAT-ZChaff
Var/Degk n1;:::;ng >/m Time (s) Nodes/Tme(s) | Nodes/Time(s) | Vars/Clauses/Tme(s)
Univariate
Anti-alias function 1/6k 16 >/16 1.1 1.2M/34.21 9K/96.48 47K/142KE 1000
Poly_unopt 1/4k 16 >/16 0.59 0.5M/9.1 1.8K/14 10K/28K/ 1000
cos X 1/6k 32>132 0.59 NA/> 1000 NA/> 1000 60K/173KE 1000
cot Ix 1/9 32>/32 0.83 NA/> 1000 NA/> 1000 140K/406K# 1000
erf x 1/7k 32>/32 0.81 NA/> 1000 NA/> 1000 88K/255KA 1000
In( i" i 1/7k 32>/32 0.55 NA/> 1000 NA/> 1000 86K/247KE 1000
Vanishingpolynomial 1/10k 8>/8 2.18 NA/> 1000 NA/> 1000 -NA-
Multivariate
IRR 2/4k 12;8 >/16 2.13 NA/> 1000 1.5K/13.9 10K/30K/ 1000
PSK 2/4k 11;14>/16 1.07 NA/> 1000 14.4K/126.3 61K/183KA 1000
Cubic lter 3/3k 24;28;31>/32 1.14 NA/> 1000 NA/> 1000 120K/366K# 1000
Degree-4 Iter 3/4k 15;11;13>/16 1.89 NA/> 1000 NA/> 1000 69K/205KA 1000
Savitzky-Golay Iter 5/3k 16;16;14;12;8 >/16 1.17 NA/> 1000 NA/> 1000 64K/190KA 1000
450 OrderlIR 2/4k 24;29> /32 1.39 NA/> 1000 NA/> 1000 214K/647KF 1000
MIBENCH 29k 16;12 >/16 4.85 26M/16.7 NA/> 1000 24K/69K/ 1000
Horner Polynomiall 3/4k 14;14;16>/16 1.18 NA/> 1000 3.3K/35.2 12K/37K/ 1000
Horner Polynomial2 2/4k 13;13>/16 0.62 NA/> 1000 5.4K/34.4 23K/70K/~ 1000
Vanishingpolynomial 2/10k 12;12 >/16 4.2 NA/> 1000 NA/> 1000 10K/29K/5 1000
TABLE 11
NON-EQUIVALENCE DETECTION EXPERIMENTS
[[ Benchmark | Our approach | Simulation |  SAT ||
Anti-alias function 0.53sec 12 vectors | 2.54sec
Degree-4 Iter 1 0.57 sec 8 vectors | 0.59sec
PSK 0.49sec 14 vectors | 1.97 sec
Cubic lter 0.58sec 5vectors | 0.31sec
4™ OrderlIR 0.55sec 9 vectors | 0.78sec

simulation, the vectors were generated(pseudo-)randomly
and were applied to both original and faulty RTLs. Non-

equivalence was indeed detectedwithin very few vectors.
The resultsare shavn in the third columnin Table Il. For

experiments with SAT, we synthesizedboth original and

modi ed (faulty) designsinto gate-level netlists, generated
correspondingmiter circuits and corverted them into CNF

format. The ZChaf tool was then usedto nd a satisfying
assignmentthereby proving non-equvalence.Indeed, non-

equivalencewas easily detectedusing SAT too, the run time

is depictedin the fourth columnin Tablell. The resultsshov

that our techniqueis comparableagainstsimulationand SAT

for detectingnon-equvalenceof designs.

B. Limitations of our Appradc

Many DSP systemsimplementsomeform of computation
approximation,by incorporatingvarious rounding schemes.
Our approachis restrictedinasmuchit cannotverify datapaths
where the intermediatesignals have varying precision (due
to rounding. In such situations, the varying word-length
paradigmcannotbe easily capturedby formulating it as an
ideal membershigestinginstance.

In additionto truncationandrounding,saturatiorarithmetic
is also a commonmode of arithmetic approximationin the
DSPdomain.Traditionally, it hasbeendif cult to modelsuch
descriptionsaspolynomialsdueto the presencef comparison



operationsHowever, whentheword-lengthsare x ed,it might

be possiblein somecasesto abstractthem as polyfunctions.
For example,considerthe computation:

if (x> 2)theny=x X Xxelsey=x Xx;

wherex is a 2-bit numberandy is 5-bitswide. The 5-bit output

y can be representedis a polyfunctionfrom Z,. | Z,s as

Y = (3x3 + 8x% + 22X)%2°. Moreover, arithmetic datapaths
often contain right-shift operationswhich cannot be easily

modeledin our framewvork. Analysis of such computations
requiressubstantiallymore work, and is the subjectof our

future investigations.

VII. CONCLUSIONS

We have presented framawvork for equivalenceveri cation
of arithmeticdatapathsvhereinthe operandshave nite, pre-
speci ed word-lengths.Our approachmodelsthe designas
a polyfunction from Zyn, Zons Zong V' Zom.
Subsequentlyto prove the equivalenceof two designs,we
transformtheproblemF % 2™ G % 2™ into thatof proving
F G 0 % 2™ over such mappings.This formulation
correspondgo that of testingfor membershign the ideal of
all vanishingpolynomialsoverthe given nite ring. Suchvan-
ishingidealshave beenanalyzedandwe have derived ef cient
algorithmicapproacheso testwhetheror not a polynomialis
a memberof this vanishingideal. Using our algorithms, a
variety of benchmarkshave beenveri ed. Our approachwas
able to solve the problemin all cases,where contemporary
veri cation approachewereshavn to beinfeasible As partof
future work, we areinvestigatingapplicationsof the proposed
conceptdo datapatlcomputationghatimplementothermodes
of arithmeticapproximationssuchasroundingandsaturation.
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