ECE 3510

Electrical Analogies of Mechanical Systems

This method is based on the method of Linear Graphs. In Linear Graphs, all systems are reduced to a
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universal symbology peculiar to Linear Graphs (system graph) and then analyzed by methods very similar to
those used with electric circuits. Since we, as electrical engineers, are already well versed in the symbology of
electric circuits, my variation of linear graphs reduces mechanical systems to electric circuits and leaves them in
that symbology for ready analysis by methods, tools and computer programs that we are already familiar with.

Across and Through Variables

Across Variable

Through Variable

Electrical V = voltage (volts) or (V) I =current (Amps) or (A)
Mechan_lcal v = velocity m F = force (newtons) or (N)or Kg~l
translational sec sec?
Mechanical . rad
. ® = angular velocity [— T =torque (N-m)
rotational sec
3
Fluid P = pressure N or (Pa) Q = flow m
m? sec
Across Variable Through Variable
Elements Dissipation Energy Storage Energy Storage
Electrical R =resistance (Z) or (Q) C = capacitance (A'Sec> or (F) L = inductor (V'Sec) or (H)
Mechanical N-sec N-sec? N
translational B = damping ( ) M =mass (Kg)or k = Spring constant <>
m
Mechanical N-m N-m
rotational B = damping q J = moment of inertia [ N-m’ k = Spring constant (d)
ra ra
(N-m-sec) or () <Kg-m2> or | sec’
sec
5
Fluid R ¢ = fluid resistance N'Ssec C ¢ = fluid capacitance (E) I = fluid inertia <Kf)
m m

Basic Electric Circuit Analysis

Element

Wires and connections
Circuit

Voltage

Current

Kirchhoff's Current Law (KCL)
Kirchhoff's Voltage Law (KVL)
Node
Ground
Branch
Power P = VI

Voltage Source

Current Source

o
D

Parts like resistors, capacitors, inductors & transformers

Direct the current, but do not affect voltage

Wires and elements connected to form loops

Measured as a difference across an element

Flows through a wire or element

Current in = current out of all elements, wires & connections
Voltage gains = voltage "losses" around any circuit loop
Connected wires and connections which all have the same voltage
Zero-reference node for all other nodal voltages

Connected wires and elements which all have the same current

Power = Across variable x Through variable

Constant voltage regardless of current in or out

Constant current regardless of voltage + or -
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Resistors R, R, R

VSEDY- Iy

R =

series: R,

I S
q 111
Rz Ry "

parallel: R

e

R1+R2+R3+...

Passive Electrical Elements

voltage divider:

ﬁ?‘?

Resistors dissipate power P =

Capacitors
c-Q

farad = &UI =

volt

amp-sec

volt

. Lo 1
Energy stored in electric field: E = E~C~V C2

Exactly the same Vo o V.. R
current through each Rn= * total o [+R,+ Ry
resistor
+ ...
current divider: |
Exactly the same Rin
volltage across each IRn = Tiotal 1 1 1
resistor 4
Ry Ry Ry
_ v
R
initial voltage
1 t 1 t /
Vo= —: idt = — idt+ve~(0) i = C—v
C C J C C J,o C C CcC*= dt C

. 1
parallel: C., = C;+Cr+Cg3+... series: Coq= — | | |
T T T ; cy eyt
T ST ST e
Steady-state sinusoids: B Laplace: 4{ %4{ }» ﬂ'r
Impedance: Z¢ = —— = 1 Impedance: Z ¢ = —
J(OC o»-C C-s
Current leads voltage by 90 deg itial current
Inductors 1 ot ot /
henry = volt-sec ip = — vy dt = — vy di+iy(0) vy = Ld—lL
amp L L 0 dt

. A 1
Energy stored in magnetic field: E = E~L~I L2

series: Leq = Li+Ly+Lg +... parallel: Leq _ : : :
PP Lo,
1 7 3 4 L L L .
1 2 3

Steady-state sinusoids: Laplace: L, L, bgi  dogts

Impedance: Zj = joL Impedance: Zj = Ls o

=

Current lags voltage by 90 deg
| 5
—=

Transformers (ideal) -SSP s =

Ideal: P, =P rin= r | |

dea 1 ) power in = power out \/1 | % Vz 75|

| |

Turns ratio = N = Ny _ Vi _ I Note: some books define !N____N _______ ‘__:

- - - R the turns ratio as No/N
|—=
N\ |

. . . . 2 -1 N
Equivalent impedance in primary: Z eq = N“Z, = 7y v/ 7 7 1
Ny 1 ‘eq <~ N,

You can replace the entire transformer and load with (Z,,).
This "impedance transformation” can work across systems.
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Inductor current cannot change instantaneously

Capacitor voltage cannot change instantaneously



Mechanical system with linear motion (translational)

Mechanical translational
F =Force (N)

. m
v =velocity [—
sec

x = displacement (m)

Through Variable:

Across Variable:

X(s) = displacement (m:-sec)
s (in freq domain)

Dissipation element: Damper or friction

Borf
power
1:2 Vi V0
P = V'F = — O | O
) B |
= VB E—
e
F
Through variable Spring
energy storage: v; k vg
E- IR ol o000 —o
2k (F=kx) 2 41:[:}
Springs are
. V. \'%
sometimes 1 o
shown like this: VW
—[:;,
F
Through variable Mass
energy storage: v
=
E = LMA2 '
2
—{=0— M —C—
1:i 1:o
Mass with friction
\'%
1
—=
—=0— M —CO—=
1:i 1:o
Borf

sliding friction

Electrical
I =current (A) Source
V =voltage (V) Source
Source:\
vV = —X
dt
— or sX(s)
Resistor
1 1
Vi B f Vo
O— AN —
—[:;.
F
Inductor
1
Vi k V0
4[;}
F

Capacitor hooked to ground

Capacitor and resistor
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Z‘_
w
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Mechanical system with circular motion (rotational)

Through Variable:

Across Variable:

Dissipation element:

power

Through variable
energy storage:

g- Ll

2 k

Through variable
energy storage:

ECE 3510 Electrical
Analogies p.4

Mechanical rotational
T =Torque (N-m)

. rad
® = angular velocity [—
sec

6 = angular displacement (rad)

Electrical

I =current (A)

V =voltage (V)

Source:\

w =

0(s) = angular displacement (rad-sec)

(in freq domain)

Damper or friction
Borf

(Torque

Springs
k

Converter)

Moment of Inertia, J

(O]

J with friction

Borf
sliding friction

Source

Source

—6

— or s-G(s)

Resistor

11
o B f

_—
T

Inductor

(O]

¢

Impedance

=~ |l»

Js+B



Fluid (hydraulic) system Sources

Fluid 5 Electrical
Through Variable: Q = volumetric flow rate(m) I =current (A)

sec
Across Variable: P = Pressure (Nz or (Pa) V =voltage (V) @ —
m
Dissipation element: Fluid resistance Resistor . Impedance
power .
b _ PQ ~ Q2 Pl Rf PO P1 Rf PO
- - R _DQ ! JEE P)_DQ O—" N N —0 Ry
= PR, Q ——=
Through variable P Fluid Inertia P Inductor
. 1 (6]
energy storage: P, I P,
E = l.I.Qz Q_'>2 I &—D O—W—O I's
2 Q - =
' length ' Q
I - M p-length
A A
Through variable Fluid Capacitors Capacitor
energy storage: piston ‘ ‘C £ |
O .
E = l.cf.p2 ‘ ‘ Cps
2

Q

open top tank

P
O L ol
—= —=
Q; Q,
Q; _
e Cr
Avol —_
Cp= volume —
Apressure

for all capacitors

Turbine or Pump Turbines & pistons convert through
variables to across variables & vice versa,
so there are no good electrical analogies.

P, Yet you can still transform an impedance from a
P, 0 mechanical system into the fluid system. You,ll find
that capacitors become inductors, inductors become
Q o o = 1 Q capacitors and parallel swaps with series.
T T K T
T = K[Po P ’ _AP_(K_I.T_I.I 1
Piston & Cylinder eq Q Ko Ko KCZ, 7z
F piston Q 2
P = — \ By vV = —
A P :‘ v A F
Q= Av Q>[I A > F = AP P A | F 11 1
| area Zeq=— = — = —— = ——— =
/ | Q Av A%V NZy; Az,
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Transducers and Transformers
A transducer converts power from one type to another. We can model many of them with transformers.
Transformers increase the through variable and correspondingly decrease the across variable or vice-versa.

Vi V2
Levers V2
— —C0—
(Cy—1=F F —
2 1 F,
T
! Fy Z,
T
. V2 1
Vi I — — —
\'%
F 1 F, v
1 F 1 V1
F T zZ Z., = NZ
No V1 2 r eq eq 2
= — = — = — 2
r2 V2 Fl | o] rl
l l NS — = e 'Z2
(not really this simple) FrT - )

Belts, chains, & gears

r = radius of pulley or pitch radius of gears T i —
1 T
2
, Z,

o1 T "2 12 T o

11 Zog= NZ,

) ® 1 T N Y/ eq q
N= - = — = T = gear tooth ratio N, Iy
| o) 1 1 = |—|Z
p— I 2
Tires, racks, & conveyors
r = radius of wheel or pitch radius of pinion gear ® v
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ECE 3510 Examples of Electrical Analogies of Mechanical Systems pswop
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Example 1 Mo
Mechanical system ;%,Velomty
I L N-sec
K= zo.ﬂ B = 1.2-?
m —
Vel jp -3 —==O— T — M 2K |
S —d
f
f = 0'4Nﬁ
m
1
L ‘71 Ma$ R j:l
= Velod 2 g
Elements o T o o Vo= V'OCITY -
—= —= —= O_W\/l
_ 1 -
= — R, ==
Vin= Véin Jy Cu J? 17
Mass
L :=0.05-H Vi = Velocity
Circuit SR
—= —I=
V

Ry = R 4y =0.625'Q
e 4 1 €q .
eq
Transfer function
Csr—1  [csr-1 /1) 1
V(s eq Reg _ 1 \Lcl _ L-C
Vin(s) L-s+ 1 Cs+ 1 L C-52+—L s+1 /1) S + 1 S+i
Cosi Req Req \L-C CRg LC
Req
k 20-N
vV m(s) _ M _ 2-kg-m _ 10 same,
= = 2 either way
Vel i (s) B K 2 1.6N-sec 20:N s +08s+10
in 2y eq_s+7 s+ S+ . .
M M 2-kg-m 2:kg'm without units
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Example 2 ko
M2 W
kq f b
Fin—=0 001 Mq |
)] )]
Uk, Uk,
SR
_ M 4 1t M2
'in = Fin — b —
Example 3 K
Velocity —>C— M — T —®
input
lever
ri L= Vout
B |
|
& 1| M
"2 777
Circuit with a transformer. UK 1B v
out
Velocity
input + _ 1M I M 1
— f
— — — _ E — — —
r2
2
o 1 1 [T
Circuit without a transformer. = = /r
K By v 1
out
SR \r
Velocity
input | My
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Example 4 H gears
: rl
input 5
- 1
Circuit with a transformer. b, N = rfry vk b,
AVAY
S § 1 —
f
Tin Jq 1 Jo
Circuit without a transformer. 1

Example 5, fluids

| = M _ plengh Aes
o R oo
Vel i G : e
A= Avolume Ah-A A

Cf = = =
Apressure Ah-p-g p-g

for all capacitors

cross-sectional area

= Ry L=

R
AVAV
_ —_——_ Cc=cC
annA@ |
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Example 6 Mass moves models flex
with belt in belt
_. Ve //
models all  f M “belt
linear friction s \AAWY

J P models mass
of both pulleys

fricion ©1
to ground

input Tin
Circuit with a transformer. 1
1 k 1 i
B. shaft = ? kbelt
SR

—- |

N
i) | L ]
Tin T = T T
B J M
3 1 b

Circuit without a transformer.

1 /1% 1

1 k rl ok

. shaft W) K peit vel 1)
CYY O
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ECE 3510 homework # 8 Due: Sat, 2/11/23 a2

Use the current-force analogy discussed in class for the following problems. X

1. a) Find the equivalent electric circuit for the mechanical | =V out

system shown. F,is an input.

Vout(s) Fil::o— M —"Til"(i.’j"ﬁ"\—
b) Find the transfer function for the system.

Put it in the standard form. Fin(s) f
iy
¢) Check the units of all coefficients of the transfer function to make

sure they agree and work out to the units of velocity over force. Recall that the units of s =

s

g |-

d) The resonant frequency of an electrical circuit can be found from b . What is it for this system?
L-C

X out(S)
out . . . .
Where x is the displacement of the mass rather than its velocity.

e) Find the transfer function for the system.
Put it in the standard form. Fin(s)

L Ky L g
2. Find the equivalent electric circuit for the u(t) ] W p—

mechanical system shown. u(t) is an input. M4 by| My bo
Show x-velocity and g-velocity on the circuit.  Input | |

ST T TTTTT T T T TT7 777

4. Find the equivalent electric circuit for the levitated rocket sled
shown. The rocket is a force input. There is no friction
between the sled and guide rail, but there is air resistance

/ / / (which can be modeled in exactly the same way as friction

v

3. Find the equivalent electric circuit for the
mechanical system shown. r(t) is an input.
Show v, & v, on the circuit.

between the sled and guide rail) The accelerometer is firmly
K mounted onto the sled. Show x-velocity and y-velocity on the
circuit.
accelerometer
L|f
e, ——
2 " vo(t) vl
ik P =
X
| M1 ‘ b v @# M g
Force r(t) ¥ _
Guide rail
Answers
1 Yes, units do all 1
1.3 M . b) M'S ©) check, show d) k €) M
— = 1 your work. M _—
f k 5 f Kk 2
S+ —S+— S+ —S+—
- = - - M M
Vi V2
2. Vy Uk,

vq 3 r(t) @ M 1 1, L
T [— t, — E
u(t) W M2 1 1 — = — " 2_: —
ms 1 ' B e
- - - Rocket K
L. % LVJ IE
L I« L
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ECE 3510 homework # 9

Due: Tue, 2/14/23

Use the current-force analogy discussed in class for the following problems.

1. Find the equivalent electric circuit for the
mechanical system shown. Vv, is the input.

. Find the equivalent electric circuit for the
mechanical system shown. w, is the input

5

— O I
Vin

Pt

by

ra

o |

TIrrT

gears

ra

3. Find the equivalent electric circuit for the fluid system shown.

ir
Constant al

pressure

o T —

ra

L
LT

k

7P

Show these elements as
equivalents in the input side.

ko
b,

Ct
pump

| e

Fluid
Reservoir

Answers
1/k

R¢

A

M

piston

Voout 3.
1
by

s

f
Reflect the mechanical
elements into the fluid system.
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