






The areas under the red curves are the values for the marginal distribution g(x) evaluated
at x=-1, x=0 and x=1

If we draw the red curves at each value of x, and for each compute the area underneath, we
get the marginal distribution g(x) which we can then plot as a graph.



Once normalized by dividing with the appropriate value of g(x), the red curves are the
conditional densities fY (y|x = −1), fY (y|x = 0) and fY (y|x = 1).

The areas under the green curves are the values for the marginal distribution h(y) evaluated
at y=-1, y=0 and y=1. Again if we normalize these curves by dividing with the appropriate
value of h(y), the green curves become the conditional densities fX(x|y = −1), fX(x|y = 0)
and fX(x|y = 1).

















Example: Let X and Y denote the position of an elec-
tron in the 2 dimensional Cartesian plane. Due to the
uncertainty principle X and Y can’t be measured ex-
actly and are random variables. You are told that the
measurement along the X-axis is independent from the
measurement along the Y -axis. Furthermore, let X have
a normal marginal density function with µX , σX and let
Y have a normal marginal density function with µY , σY .
What is the joint density function for X , Y ?
Solution: The marginal density function for X is

g(x) =
1√

2πσX
e
−(x−µX )2

2σ2
X

The marginal density function for Y is

h(y) =
1√

2πσY
e
−(y−µY )2

2σ2
Y

Using independence, we have f (x, y) = g(x)h(y), so:

f (x, y) =
1√

2πσX
e
−(x−µX )2

2σ2
X

1√
2πσY

e
−(y−µY )2

2σ2
Y

=
1

2πσXσY
e
−(x−µX )2

2σ2
X
−(y−µY )2

2σ2
Y

If we have σX = σ = σ, the joint density simplifies to

f (x, y) =
1

2πσ2
e
−(x−µX )2+(y−µY )2

2σ2



Here is what the joint density function f (x, y) looks like
for µX = 1, µY = 2 and σX = σY = 1.

f (x, y) Contours of constant probability.

Here is what the joint density function f (x, y) looks like
for µX = 1, µY = 2 and σX = 0.3, σY = 1.

f (x, y) Contours of constant probability.

In this case there is more uncertainty in the Y position
than the X position.
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